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ABSTRACT. We find the shortest realized stretch factor for a fully irreducible ¢ € Out(F3) and
show that it is realized by a “principal” fully irreducible element. We also show that it is the only
principal fully irreducible outer automorphism in any rank produced by a single fold.

1. INTRODUCTION

Let F, denote the free group of rank r > 2, and consider its outer automorphism group Out(F}).
Each element of Out(F}) has an associated stretch factor (also called the growth rate or dilatation)

sup limsup {/[[¢"(w)].
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Here ||w|| denotes the cyclically reduced word length with respect to some fixed basis. The stretch
factor records how fast elements grow under iteration of ¢, and is independent of the chosen basis
and the representative of the outer class.

For a fully irreducible element, where no power ¢F preserves a proper free factor, Bestvina
and Handel [BH92| construct an “irreducible train track representative” for ¢, a self homotopy
equivalence of a graph with good behavior under iteration which induces ¢ on the fundamental
group. They show that the stretch factor of ¢ is realised as the Perron—Frobenius eigenvalue of the
transition matrix, a non-negative integer matrix associated to the train track map.

Here we are concerned with two aspects of this theory. The first aspect is the minimal stretch
factors attained by fully irreducible outer automorphisms. The set of possible values is studied,
for example, in [AKR15|, [DKLI15|, [DKLI7], and [Thuld] (exposited upon in [DDH722]). The
second aspect explores properties of train track representatives for certain fully irreducible outer
automorphisms, and the dynamics of their action on the Culler—Vogtmann Outer space CV,..

In both aspects, we investigate the outer automorphism

=y
Y=qyr—=z
S

With a suitable marking, it is represented by the train track map:

. ec

Its stretch factor is the real root of 2% —x — 1, approximately 1.167. In fact, 1 is a fully irreducible
outer automorphism, and we show:

Theorem The stretch factor of ¥ is minimal among fully irreducible elements in Out(F3).
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The ingredients in the Theorem [A] proof are Lemma 5.1} showing stretch factors of fully irre-
ducible elements are Perron numbers, and verification that g is an irreducible train track represen-
tative of a fully irreducible outer automorphism realising the minimum achievable Perron number.

We use a result of Boyd listing the smallest Perron numbers for several fixed algebraic degrees
[Boy85]. Boyd lists the smallest (and in some degrees the second, third, or fourth smallest), Perron
numbers for fixed algebraic degrees between 2 and 12. For ranks r > 3, this strategy of checking
the smallest Perron numbers with algebraic degree in a fixed range will likely be less fruitful. The
known examples of fully irreducible outer automorphisms with small stretch factors are quite a bit
larger than the smallest Perron numbers listed in [Boy85].

Given a train track map, we can factor it as a series of folds followed by a homeomorphism. It is
notable that the train track map g representing ) in Theorem [A] has fold decomposition consisting
of a single fold and a homeomorphism. As folds increase the number of edges in the image of a
train track map, it seems reasonable to conjecture that outer automorphisms with minimal stretch
factors have train track representatives with few folds in their fold decomposition. This idea is
followed up and quantified in [Hil24].

In the mapping class group setting, minimal stretch factors among pseudo-Anosov elements on
a fixed surface of finite type have been widely studied. Until very recently, the minimum was
only known for a few isolated examples of surfaces. Consider an orientable surface of finite type
with genus g and p punctures. Previously the minimum stretch factor among all pseudo-Anosov
mapping classes was precisely known only for small values of (g,p), for example (1,0) and (1, 1),
(2,0) [CHOS], and (0,p) for p = 3,4,5,6,7,8 ([SKL02], [HSO7], [LT11b]). Recent breakthrough
work of [TZ24] also computes the minimum stretch factor for (0,p) for large p. Among orientable
pseudo-Anosov mapping classes, the minimum is known for 0 punctures and genus g = 2,3,4,5,8
([LT11al, [Hir10]). For surfaces with p > 0 punctures, pseudo-Anosov mapping classes induce outer
automorphisms of F, for r = 2g + p — 1. However, there are many outer automorphisms which
do not come from surface homeomorphisms, so minimal stretch factor results in the mapping class
group setting do not directly carry over to Out(F;).

We also prove the map 1 is principal in the sense of [AKKP19], where it is also proved they
possess a stability property mimicking that held by pseudo-Anosov mapping classes and used in
[KMPT22b] and [KMPT22a] to understand a typical outer automorphism and tree in 9CV,.. Their
action on Culler—Vogtmann Outer space generally more closely resembles a hyperbolic setting:
While all fully irreducible elements act loxodromically, they only have an axis bundle rather than
a unique axis [HMI11]. But principal fully irreducible outer automorphisms do have a unique
axis, reflecting the uniqueness of the Stallings fold decompositions of their irreducible train track
representatives. This axis passes through the highest dimensional simplices of Outer space.

The name “principal” is chosen to reflect similarities with the principal pseudo-Anosov mapping
classes of a surface, as used for example by Masur in [Mas82]. Every pseudo-Anosov mapping class
has a representative leaving invariant a pair of transverse measured singular minimal foliations,
one of which is expanded and the other contracted by the homeomorphism. Pseudo-Anosovs act
loxodromically on Teichmiiller space, and these two foliations provide the endpoints of its axis in
the Thurston boundary. A pseudo-Anosov is called principal if these foliations have only 3-pronged
singularities. Gadre and Maher [GM17] proved principal pseudo-Anosov mapping classes random-
walk generic. The “singularity structure” of a fully irreducible outer automorphism, namely its ideal
Whitehead graph, is similarly controlled by its attracting endpoint, and in the case of a principal
element will be a union of the maximal number of triangles. As such, principal elements are the
subset of those proved generic in [KMPT22b] that possess the stability property of [AKKP19].

As mentioned above, each train track map can be factored as a series of Stallings folds followed
by a homeomorphism. Up to a reasonable equivalence relation, the number of folds in this decom-
position is an invariant of a principal fully irreducible outer automorphism, and so we can try to
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minimise it. It turns out that the same automorphism achieves the minimum complexity — over
all ranks — in this sense.

Theorem Up to edge relabeling, the map g is the only train track map representing a principal
fully irreducible outer automorphism in any rank whose Stallings fold decomposition consists of only
a single fold and then a graph-relabeling isomorphism.

The tool we use for characterising rank-3 principal fully irreducible outer automorphisms is a
directed graph As we call the principal stratum automaton (defined in . This is a refinement
of the lonely direction automaton of [GP23|], which was used to determine the graphs carrying
train track representatives of principal fully irreducible elements of Out(F3). That theorem was
proved by passing to a rotationless power of o, which is unhelpful for minimising other kinds of
complexity such as the stretch factor or length of a Stallings fold decomposition. Our refinement
allows us to work with the automorphism as it comes, allowing for the periodic behavior absent in
the rotationless case.

Theorem Suppose g is a train track representative of a principal fully irreducible ¢ € Out(F3).
Then the Stallings fold decomposition of g is partial-fold conjugate to one determining a directed

loop in As.

We note that, subsequent to the posting of this paper, Theorem [C] was significantly generalized
in [Pfa24].

We further note that, using [MP16, Theorem 4.7], any principal fully irreducible ¢ € Out(F;)
has a single unique invariant axis and the single unique invariant axis of any )~ oo differs from
that of ¢ € Out(F,) only by a change of marking. With a little work, this implies that the number
of folds in a Stallings fold decompositions of the conjugacy class of a principal fully irreducible ¢
is an invariant of the conjugacy class. This similarly holds for any “lone axis” fully irreducible
outer automorphism. More generally, one would need to take the minimal number of folds in a fold
decomposition.

In the process of proving Theorem [C| we also prove in Proposition that any principal axis in
CV3 passes through the Out(F3) orbit of simplices given by the graph shown above.

Structure of the paper. In §3| we introduce the principal stratum automaton, and prove that
it captures the principal fully irreducible elements of Out(F3). introduces the map g which
is the subject of both theorems, and proves that it induces a principal fully irreducible outer
automorphism. §5] contains the proof of Theorem [A] and §6] the proof of Theorem
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2. BACKGROUND

Assume throughout this section that I' is a finite oriented graph where each vertex has valence
at least 3 and F;. is a free group of rank r > 3.
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2.1. Edge Maps on Graphs. Suppose I' has positively oriented edges {e1, ez ..., e,} and vertices
{v1,v2,...,0m}. We use the notation ET := {ej,es...,e,}, and VI := {v1,va,...,0p}, and
E*T = {e1,e1,...,en, &}, with an overline indicating a reversal of orientation.

Given v € VT, a direction at v will mean an element of EFT with initial vertex v. We let DI’
denote the set of directions at vertices in I'. A turn at v will mean an unordered pair {d;,da} of
directions at v. The turn is degenerate if di = ds.

An edge path (or just path) p in T' is a finite sequence (aj,as,...,ap) € V) A

(E*T)* such that there exists a sequence (v1, va, ..., ve—1) € (VT) ! satisfying 2y a,
that the turn {@;, aj11} is a turn at v; for each j € {1,2,...,£—1}. For such a < % N,
path (a1, as,...,a,) we write v = ajas ... a,, and say v contains the oriented i

edges aj,ag,...,an, and takes the turns {ar,as}, {az,as}, ..., {Gn_1,an}. We call v tight if it

takes no degenerate turns, which we colloquially describe as there being no “backtracking.”
An edge (or graph) map g : T — TV will mean
e amap V: VI — VI, where we write g(v) for V(v), together with
e for each e € E*T, an assignment of a path g(e) in IV such that
(1) if the initial vertex of e is v, then the initial vertex of g(e) is g(v), and
(2) if g(e) is the edge path g(e) = ajag...an, then g(€) is the edge path concatenation
9(€) = ... a3 a1.

Viewing I and I as topological spaces, ¢ is a continuous map sending vertices to vertices. We
say a turn {dj,ds} is g-taken if it appears in the image g(e) of some edge of I', and call g tight if
the image of each edge is a tight path. In particular, no degenerate turns are g-taken.

If vy = ajas...a, is a path in T for some ay,as,...,a, € E*T, then g(v) will mean the concate-
nation of edge paths g(v) = g(a1)g(a2)...g(a,). Note that g(vy) is tight if and only if ~ is tight
and g is locally injective on ~.

To g we associate a direction map Dg : DI' — DI' such that if g(e) = ajag...ay,, for some
m > 1 and a1, as,...,a, € ETT, then Dg(e) = a;. Now suppose that g: I' — I' is a self-map. We
call a direction e periodic if Dg*(e) = e for some k > 0, and fized if k = 1. The turn {dy,ds} is
called an illegal turn for g if {Dg"*(dy), Dg*(d2)} is degenerate for some k. Defining an equivalence
relation on DI" by d; ~ dy when {d;,ds} is an illegal turn, the equivalence classes are called gates.
Note that each gate at each periodic vertex contains a unique periodic direction.

Viewing g as a continuous map of graphs, we say g represents ¢ when m(I') has been identified
with F,. (that is, I" is marked) and ¢ is the induced map of fundamental groups. When a marking
is not explicitly given, we mean that “there exists a marking such that.”

2.2. Train track maps and fully irreducible outer automorphisms. Suppose g : I' — I' is
an edge map. We call g a train track (tt) map if g* is tight for each k € Z~g. We call the train
track map g expanding if for each edge e € ET' we have |¢g"(e)| — oo as n — oo, where for a path
~ we use |y| to denote the number of edges ~ traverses (with multiplicity). Note that, apart from
our not requiring a “marking,” these definitions coincide with those in [BH92] when ¢ is in fact a
homotopy equivalence of graphs (viewed topologically).

The transition matriz M(g) of a tt map g: I' — I' is the square |ET| x |ET| matrix [a;;] such
that a;j, for each ¢ and j, is the number of times g(e;) contains either e; or €;. Note that each
transition matrix is a nonnegative integer matrix.

A nonnegative integral matrix A = [a;;] is irreducible if for each (i, j), there is a k € Z~ so that
the ij*" entry of AF is positive, and so in particular is at least 1. If A* is strictly positive for some
k € Z~o then A is primitive. Furthermore, A is Perron—Frobenius (PF) if there exists an N such
that, for each k > N, we have that A* is strictly positive.

For nonnegative integral matrices, being primitive is equivalent to being irreducible aperiodic.
If M = M(g) is primitive, then by Perron-Frobenius theory, M has a unique eigenvalue A(g) of
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maximal modulus, A(g) is real, and A(g) > 1. This A(g) is the Perron—Frobenius (PF) eigenvalue
of M and is called the stretch factor (or dilatation) of g.

A tt map is rreducible if its transition matrix is irreducible. Not every element of Out(F;) is
represented by a tt map, and even fewer by irreducible tt maps. An outer automorphism ¢ €
Out(F}) is fully irreducible if no positive power preserves the conjugacy class of a proper free factor
of F,. Bestvina and Handel [BH92| proved that each fully irreducible outer automorphism admits
expanding irreducible tt representatives and that the stretch factor of these representatives is an
invariant of the outer automorphism.

By [FHI1I) Corollary 4.43], for each r > 2, there exists an R(r) € N such that for each expanding
irreducible tt representative g of a fully irreducible ¢ € Out(F,), among other properties, each
periodic direction is fixed by ¢fi("). This power R is called the rotationless power.

2.3. Whitehead graphs & lamination train track (ltt) structures. Local Whitehead graphs,
stable Whitehead graphs, and ideal Whitehead graphs were introduced in [HM11]. We give defini-
tions here only in the circumstance of no periodic Nielsen paths (PNPs), as this will always be the
case for us. (PNPs only impact the ideal Whitehead graph definition; since we do not explicitly
use them, we refer the reader to [BH92, BFH00] for definitions.)

Let g : I' = T be a tt map. The local Whitehead graph LW(g;v) at a v € VI has a vertex for
each direction at v and edge connecting the vertices corresponding to a pair of directions {d1,ds}
at v precisely when the turn {d;,ds} is g*-taken for some k € Zso. Given a fixed vertex v, the
stable Whitehead graph SW (g;v) is the restriction of LW (g; v) to the periodic direction vertices and
the edges between them. In terms of gates, SW(g;v) has a vertex for each gate at v.

In the absence of PNPs, if g represents a fully irreducible outer automorphism ¢, then the ideal
Whitehead graph TW () for ¢ is defined as

W(e)= | | SW(g;v),
veVTl

but with components containing only 2 vertices removed.

The ideal Whitehead graph is an invariant of the conjugacy class of the outer automorphism
represented by g and TW (¢*) = TW(p) for each k € Z~q [AMII] Pfal2].

The lamination train track (ltt) structure G(g) is obtained from its underlying graph T by replac-
ing each vertex v € VI' with LW(g;v): replace v with a vertex for each directed edge at v labeled
with that direction. Then identify each of these new vertices with the corresponding vertex of
LW (g;v). Vertices and edges of SW(g;v) are colored purple and the remaining vertices and (open)
edges are colored red. Alternatively, one could start with | | .,r LW(g;v), color the LW(g;v) as
just described, and then include a directed edge [e, €] for each directed edge e € ET. To simplify
figures, if the local Whitehead graph at a vertex of I' is complete we do not always draw it.

L)(gse) G,(a) . _

FIGURE 1. The right-hand image is the ltt structure G(g) for the map g of
with the taken turns as in . The 3 local Whitehead graphs are colored, with the
stable Whitehead graphs in purple (missing only ¢). The ideal Whitehead graph is
the union of the purple graphs, i.e. of the stable Whitehead graphs.

I u\/‘edmi
Lw%;(g/\ec s ggxam) gl

v a w

I
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2.4. Full irreducibility criterion. We use the following criterion for proving that a tt map
represents a fully irreducible outer automorphism.

Proposition 2.1 (Full Irreducibility Criterion, [Pfal3l Proposition 4.1]). Suppose that g: T' — T°
is a PNP-free, irreducible train track representative of ¢ € Out(F,) such that M(g) is Perron-
Frobenius and all the local Whitehead graphs are connected. Then @ is fully irreducible.

2.5. Principal & ageometric fully irreducible outer automorphisms. Principal fully irre-
ducible outer automorphisms (sometimes just called principal outer automorphisms) were intro-
duced in [AKKP19] as analogues of pseudo-Anosov homeomorphisms with only 3-pronged singu-
larities: As in [AKKP19], we call a fully irreducible ¢ € Out(F}.) principal if IW(¢p) is the disjoint
union of 2r — 3 triangles.

We include now a short description of properties of principal fully irreducible elements omitting
definitions not used elsewhere in this paper. The interested reader can find the definitions in
IMP16], which also includes a nice explanation of the history at the start of §2.9. For a principal
¢ € Out(F,), the rotationless index is i(¢) = 3 — r. This implies ¢ is ageometric and, by [MPI6,
Theorem 4.5], all its tt representatives are stable. In particular, none of its tt representatives has
a PNP ([BE94, Theorem 3.2]). By [MP16, Theorem 4.7] one also has that ¢ has only a single axis

(in the sense of §2.7)).

2.6. Folds & Stallings fold decompositions. Suppose I' and T are graphs viewed topologically
and eg,e; € E*T are distinct edges emanating from a common vertex. We say I is obtained
from I' by a proper full fold of e; over ey if there exist orientation-preserving homeomorphisms
o0: [0,1] — €9 and o7: [0,2] — e1 so that IV = T'\ ~ is the topological quotient of I" with respect
to the equivalence relation ~ defined by o¢(t) = 01(t) for each ¢ € [0,1]. We say that I is obtained
from T by a complete fold of eg and e; if instead o7: [0,1] — e; (identifying all of ey and e;)and a
partial fold of ey and ey if instead og: [0,2] — ep (identifying initial segments of both). By a fold
(or sometimes Stallings fold), we will mean either a proper full fold, complete fold, or partial fold.
We call {eg,e1} the folded turn (or turn folded). Observe that in a partial full fold the number of
edges is preserved, in a complete fold it is reduced, and in a partial fold it is increased.
Since they appear often, we describe here the notational conventions / [ey—> eée;
we use for proper full folds. Suppose that f: I' — I" is a single proper
full fold of an edge e; over an edge eq, as depicted to the right. Apart v,

from e, each edge e; € ET is mapped to a single edge of I, which 2
we call ). The image of e; is an edge-path in I' consisting of 2 edges, ¢4 ’
the latter of which we call ¢]. The map f is then defined by Vi M

f= e1 — epe]
e — e, for k #1
and we just write f: e; — ege;. We call the edge-labeling of I just described the induced edge-
labeling. Note that it can be more convenient, especially where an orientation was chosen in
advance, to write f: e; — ejeg for the map induced by folding é; over &y. We may drop primes in
complicated diagrams.

Stallings [Sta83] showed that a surjective homotopy equivalence graph map g: I' — I" factors as
a composition of folds and a final homeomorphism, giving a Stallings fold decomposition.




In a Stallings fold decomposition the folds gi41 (sometimes called Stallings folds) of ey and e; in
I’y additionally satisfy gi(oo(t)) = gk(o1(t)) for each ¢ € [0,1] and that the terminal vertices of eg
and e; are distinct points in g,;l(VF’ ). The latter property ensures g is a homotopy equivalence.

In general, each fully irreducible ¢ € Out(F),) has many tt representatives, each of which can
have several distinct Stallings fold decompositions. By [MP16, Theorem 4.7], principal outer auto-
morphisms (and their powers) each have a unique Stallings fold decomposition.

2.7. The Outer space CV, & its (principal) geodesics. Culler-Vogtmann Outer space was
first defined in [CV86]. We refer the reader to [FM11l Besl4, [Voglh| for background on Outer
space, giving only an abbreviated discussion here. For r > 2 denote the (volume-1 normalized)
Outer space for F,. by CV,. Points of CV, are equivalence classes of volume-1 marked metric
graphs h : R, — I' where R, is the r-rose, and I' is a finite volume-1 metric graph with betti
number b1 (I") = r and with all vertices of degree at least 3, and h is a homotopy equivalence called
a marking. Outer space CV, has a simplicial complex structure with some faces missing: there
is an open simplex for each marked graph (obtained by varying the lengths on the edges of that
graph). The faces of a simplex are obtained by collapsing the edges of a forest (so that their lengths
become zero). There is an asymmetric metric dcy, on CV,.

There is an action (by isometries) of Out(F}) on CV,, given by changing the marking. We denote
the quotient by M,..

Given a Stallings fold decomposition of a tt map g, one can define a “periodic fold line” in
CV, using Skora’s [Sko89] interpretation of the decomposition as a sequence of folds performed
continuously. In [AKKP19, Lemma 2.27] it is proved that periodic fold lines associated to tt maps
are geodesics in the sense that, given 3 points v(¢1),7v(t2), v(t3) on the geodesic v with t; < ty < t3,
we have dov, (7(t1),7(t2)) + dev, (v(t2), 7(t3)) = dev, (v(t1),7(¢3))-

Since a general fully irreducible ¢ € Out(F,) can have several distinct Stallings fold decomposi-
tions, it can have several distinct periodic fold lines. However, the principal outer automorphisms
that we are interested in will have just a single periodic fold line, its “lone axis.”

2.8. Fold-conjugate decompositions. Since an axis for a fully irreducible ¢ € Out(F;) has a
periodic structure, it becomes useful to view its Stallings fold decompositions cyclically. With
some work one can see that starting at a different fold in a decomposition now yields a tt map
representing an element of Out(F,) that is Out(F;)-conjugate to ¢ and with the same axis. It is
also possible to start the tt map “in the middle of a fold.” We formalize here these different notions
of cyclically permuting a Stallings fold decomposition or, equivalently, shifting along an axis.

A subdivided fold will mean a fold written as a composition of a partial fold and Tt
then a completion of that fold, as depicted to the right. Suppose I'g LU PN

o2 o I T, and T b, I hay L ey, r1 LN I/, are Stallings Lak

fold decompositions of homotopy equivalence tt maps g: I' — I' and h: IV — T, )—<TIE/

respectively. We say the decompositions are fold-conjugate if one of the following

three possibilities occurs. In all cases the the vertical arrows are label-preserving Lﬂ ,

graph isomorphisms. K K
Either the folds of the 2nd sequence are a cyclic shift of those of the 1st: there is e

some j so that diagram commutes.

gj+1 9j+2\ gm g1 gj—1 9j

Fj*)ljj_;,_l i 000 >Fm:P0 i 000 >Fj_1*>11j

o | | | L
hi ho hn_j hn—j+1 hn—1 hn

/ N / N / X . / /

VA > T, I, y T | — T,



Or, the folds of the 1st are a cyclic shift of those of the 2nd, but starting midfold: there

N

K, h
is some ¢ so that after subdividing hy into I',_, =4 Ty - I", diagram (2 1" commutes.

g1 g2 Im—2¢ Im—e+1 Im—1 gm
F(] >F1 > .. >Fm_g Fm—l Fm
h! h h h ho_ h,
/ 0 / 1 n /T 1 =1 v L /
Ty Iy > I, =1y » Iy Ty

Or, the folds of the 2nd are a cyclic shift of those of the 1st, but startlng mldfold

there is some k so that after a fold subdivision of some gi into I'x_1 L Ty —> Ty
diagram (3) commutes.

g 9k+1 9k—1 gj
Ty —2 s Ty 2ty I, =Ty -2 ... y Ty —— Ty
h h hp—k P —k+1 P h
/ 1 / 2 n / / _fn
Iy I > L Fnl I,

Fold-conjugate decompositions are partial-fold conjugate if in the case of or ,
that is if one of the sequences is a cyclic shift of the other but for starting midfold.

They are called partial-fold conjugate because the conjugating sequence contains a partial fold. In
this case, | n —m |= 1.

Fold-conjugate tt maps represent Out(F;)-conjugate outer automorphisms, hence share all conju-
gacy class invariants, such as ideal Whitehead graphs, and whether or not a map is fully irreducible,
and then also principal.

We can also consider an equivalence relation generated by — on a more general class of fold
sequences. This class of fold sequences would include pathological examples with many “unneces-
sary” subdivisions of one or more folds, as well as allowing us to start in the middle of any fold in
the sequence. The benefit of such a relation is that it would allow one to define and understand an
Out(F})-conjugacy class invariant that is the minimal number of folds in an equivalence class with
respect to the partial-fold conjugacy relation.

3. THE RANK-3 PRINCIPAL STRATUM AUTOMATON Ag

The “Lonely Direction Automaton” of [GP23| includes as directed loops only the Stallings fold
decompositions of rotationless principal fully irreducible ¢ € Out(F3). To include directed loops
for all principal fully irreducible outer automorphisms, instead of just their rotationless powers, we
construct a new directed graph we call the “Rank-3 Principal Stratum Automaton” .,/4\3 Before
introducing :4\3, we review Ajg as defined and constructed in [GP23].

3.1. The Lonely Direction Automaton A3. In [GP23], A3 is defined in a constructive manner
using “comprehensible loops” and “permissible folds.” We give a simplified description of the
construction now. As is the disjoint union of the strongly connected components of the following
direction graph.

Nodes: There is a node for each order pair (I",¢) such that

e I' is a rank-3 graph (in the sense of satisfying that all vertices are of valence-3, except a
single vertex v of valence-4 and

e /is a loop in I' traversing each edge of I' in at least one of the two directions and

e there is a direction d at v so that ¢ takes each turn of I' except precisely two of the turns at v
containing d.
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The node is the ltt structure [¢t¢(I',¢) defined in the same manner as in except that the
colored edges now come from the turns taken by ¢ and the single red vertex is that labeled by d.
The nodes for [tt(T, ¢) to ltt(I”,¢') are equivalent (the same node), if there exists a decoration-
preserving (meaning both color and labeling) graph isomorphism from [t¢(T, £) to l¢t(TV,¢"). That
is, the only recorded information from £ is the turns it takes.

Directed edges: There is a directed edge E(f) from tt(T', £) to ltt(I, ') precisely when there
is a proper full fold f: I' — I that does not fold any turn taken by £. That is, the turn folded by
f is not represented by a colored edge in [tt(T, ).

3.2. The Rank-3 Principal Stratum Automaton 24\3 We build on A3z to construct :4\3 by
adding in “permutation arrows” where ltt structure permutation relabelings exist in the following
sense:

Definition 3.1 (Graph/permutation relabeling). Suppose that I' is a directed labeled graph and
o is a permutation of E*T so that (&) = o(e) for each e € E*T'. By o -I' we mean the directed
labeled graph obtained from T' by replacing each edge-label e with o(e). By a graph relabeling (by
o) we mean the graph isomorphism g,: I' = o - I" defined by that for each e € ET the image of e
is the directed edge o(e) € E(o -T'). Suppose that G is an ltt structure with underlying graph T',
we let o - G denote the ltt structure on o - I' obtained from G by relabeling the black edges and
vertices via 0. We then consider o - G to be a permutation relabeling of G by o.

Recall from that for a proper full fold f: I' — I” we know that |ET| = |ET’| and T”
comes with an induced edge-labeling. The induced edge-labeling then gives an identification of
ET with ET, and with this induced edge-labeling we can “push forward” the graph relabeling
to g, : I — o-T'. Given a fold f of I' and a graph relabeling g,, we obtain a fold of o - T' by
“conjugating”: f’ := g, o fog,!. In what follows we will drop the prime from the notation g/,
letting g, refer to the permutation relabeling after pushing forward as many times as necessary in
each context.

The following lemma provides a concrete description of the A,., and ;l;, nodes.

Lemma 3.2 (Lonely Direction Lemma). Suppose ¢ € Out(F;) is a principal fully irreducible outer
automorphism, then each tt representative of ¢ is partial-fold conjugate to a tt map g: I' — T
satisfying:

(a) each SW(v,g) is a triangle and there are 2r — 3 such triangles, and

(b) all vertices of T' have valence 3 except a single vertex which has valence 4, and

(c) all but one direction in T is g-periodic and this direction is at the valence-4 vertex of T', and

(d) the nonperiodic direction is contained in precisely 1 turn taken by g.

Proof. Suppose h: I" — I" is a tt representative of ¢ and let R denote the rotationless power of .
Then hft: TV — T is a tt representative of ¢, and each h-periodic vertex and direction is fixed by
hf. By the proof of [MP16], Corollary 3.8], hf*, and hence h, has at most 1 nonperiodic vertex and
that vertex has precisely 2 gates. As in the proof of [MP16, Corollary 3.8|, by performing a fold
at that vertex, one obtains a tt representative g’ of pf* for which all vertices are fixed and have
at least 3 fixed directions. Since ¢ and ¢ are lone axis fully irreducibles, this fold is within their
shared axis A.

Because A is both h- and h®-periodic, with both periods starting and ending at (re-marked
copies of ) TV, the [MP16], Corollary 3.8] fold, let us call it f, is a fold of IV occurring at the start of
the Stallings fold decompositions of both h and h®. If f is part of a subdivided fold (in the sense of
, since it occurs within the axis, there is some full fold F' in A and partial fold f’ in A so that
F = fo f'. When you do the folds cyclically, since the decomposition of h lies on A, the copy of f’
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at the end of the decomposition of A must compose with f at the beginning of the next iteration
of h to give F. Thus, f’ would appear at the end of the Stallings fold decompositions of h and h%.
Hence, in fact, letting ¢ denote the conjugation of h by the fold, i.e. foh = go f, we have ¢’ = g%.

We now show g is a tt representative of . Since ¢’ = g% is a tt map, no power of g can cause
backtracking on an element of ET'. Since quotienting by a partial fold cannot change the induced
map of fundamental groups, we are left to show g maps vertices to vertices. But each vertex has at
least 3 ¢’-gates, so cannot be mapped within its Stallings fold decomposition to a nonvertex point.

Since ¢ € Out(F},) is principal its ideal Whitehead graph IW(¢), hence also IW(¢*) for each
k € Zyo, is the disjoint union of 2r —3 triangles. By [MP16, Lemma 4.5] and since IW () = IW (¢*)
has no cut vertices for each k € Z~, no tt representative 7 of any ¢* has a PNP. Thus, since IW (¢*)
is the disjoint union of the SW (7, v) having at least 3 vertices, for any such 7 and vertex v with
at least 3 periodic directions, SW(7,v) is a triangle. Since each vertex of g* has at least 3 fixed
directions, each vertex of g has at least 3 periodic directions. Hence, each SW(g,v) is a triangle
and there are 2r — 3 such triangles, proving (a).

We now prove (b)-(c). Since each SW(g,v) is a triangle, there are precisely 3 periodic directions
(hence gates) at each vertex v € VT. By [MP16, Lemma 3.6] g%, hence g, has precisely one illegal
turn. Thus, I' has precisely one g-nonperiodic direction. And we have that I' has a unique vertex
of valence 4, and all other vertices have valence 3.

Part (d) follows from [GP23, Lemma 2], after observing that each periodic direction must be
contained in 2 turns (by the structure of the stable Whitehead graphs) so that the turn described
in [GP23 Lemma 2] must contain the unique nonperiodic direction. [l

We now define the rank-3 principal stratum automaton :4\3:

Definition 3.3 (Rank-3 Principal Stratum Automaton .//4\3) The Rank-3 Principal Stratum Au-
tomaton :4\3 is obtained from the “Lonely Direction Automaton” of [GP23] by adding a bi-directed
edge labeled with o for each 1tt structure permutation re-labeling G — ¢ - G, which implicitly
records the directed edge o labeling the edge [G, 0 - G] and o~! labeling the edge [0 - G, G]. For

—

each r > 3, the Rank-r Principal Stratum Automaton A, is defined analogously.

Note that, once a choice of labels has been made for the black edges of a single node, this
determines the labeling of the black edges in each other node, as well as the labels on the directed
edges. In order to explicitly write out .//4\3, we make such a choice and call the decoration preserving
graph isomorphism class of ;1\3, endowed with such a choice of labeling, a graph-labeling class.

Figure [3| depicts .//4;, with the permutation edges depicted in green. The nodes and black directed
edges are as described in (Strictly speaking, what is shown is a maximal strongly connected
component of 21\3; in rank 3 there is only one such component containing a loop, up to permutation
relabeling.) Following a directed loop thus gives a sequence of folds and permutations which could
be a decomposition of a principal fully irreducible outer automorphism, though one can easily
produce directed loops that do not give such elements. For example, the folds represented by the
directed edges of the loop may be supported in a proper subgroup of the fundamental group (so
that the map will be reducible).

3.3. Loops in ;l\g Consider a directed loop in the automaton with the edge labels reading as
follows (the fy are folds and the o}, are graph-relabeling permutations):

(4) | L L LA P L e gl R S0 RO, i
10



Fixing a labeling on I'{j, we induce labelings on all subsequent I';, I',. Using the notation described
in Definition .1l we can then define:

(5) F](cj) = (O'kO'HOO'k,j)il Pk and
. B . 1
(6) f]ij) = gokl,j,lou-oao < fk = gO’k—j—lo“'OUO: 111(@]—)1 - Fl(cj+ )7

we have the following commutative diagram indicating how the map of (4] can be rewritten as folds
and then possibly a single 1tt structure permutation relabeling at the end.

I'n=To

gO‘nT

F2 ,,,,,,,,,,, N F(n_ls) W Fgln_Q)
(7) - o "
o (n-2) &0 _(n-1)
1 — ]-_‘2 777777777 4 ]'_‘TL 1 FTL
9011\ 9oq 9oy 9oy
! (n—1)
LI VRN B Y , DD A7, pm)
9001\ 9001\ 9oq 900A Y9oq
/ 1 (n)
v A e y oW S ploD)

We strengthen here [GP23, Proposition 6]:

Theorem C. Suppose g is a train track representative of a principal fully irreducible ¢ € Out(F3).
Then the Stallings fold decomposition of g is partial-fold conjugate to one determining a directed

loop in As.

Proof. Suppose ¢ is a tt representative of a principal fully irreducible ¢ € Out(F3). By [GP23,
Proposition 6], some power g? of g is fold-conjugate (really partial-fold conjugate) to a map given
by a directed loop in A3, and we explain how to fine-tune the proof of |[GP23, Proposition 6] for
this level of precision that we need. Since tt representatives of the same principal (hence lone axis)
outer automorphism have Stallings fold decompositions yielding the same axis, they are in fact
fold-conjugate through folds of the axis. Hence, if the folds for one of these tt representatives is
represented by a loop in Ajs, then so is the other, provided they both start and end on the kinds of
Itt structures represented in the automata, i.e those whose underlying graph satisfies the “Lonely
Direction property” of [GP23]. This is addressed in Lemma [3.2]
Since ¢ is principal, hence lone axis, g has a unique Stallings fold decomposition

(8) r=Tro &0 &0, 5. 225, 2200, 250y =T.

If necessary, we can increase p so that o? is the identity. Since ¢gP can be decomposed as
11




(9) (To 251 &0y & ... 22251y 22451, 22 TP,

in light of , we obtain a Stallings fold decomposition of gP as

= = 9 g5 9i— 9
(1()) F:FO 91 Fl g2, . 9t=2 Ft—l gt—1 Ft :F6 1 Fll 2, ., Tt=2 271 t—1 F; :Pg”-
(r—2) (p-1) (-1 (r—1) (p—1) o
9t— -2 -1) 9 -1) g 9 —1) 9+~ —1) g¢b=Id
A e ) A plem) B2 B pe ) B, plee) S o T

Since gP must also be principal, hence lone axis, this is the unique Stallings fold decomposition for
gP, so must be partial-fold conjugate to a fold decomposition represented by a directed loop in As.

If T’y has a valence-4 vertex then, by the proof of [GP23| Proposition 6] and the first paragraph
of this proof, gP itself is represented by a directed loop in A3. Now is, but for the addition of
Jo, a subpath of the directed loop in A3. And the Rank-3 Principal Stratum Automaton :4\3 is
obtained from A3 by adding in edges for all possible ltt structure permutation relabelings, closing
up the path via g, to a loop. So g will be represented by a directed loop in A,.

Now suppose that I'g is fully trivalent. As in (7)),

-1
g g g gt—2 g 9o Ogt—10g
o 5 &S ... 2250, L T 2202 4 6.Ty =T

composes to be the same map as . We can see that I'y has a valence-4 vertex as follows. Complete
the fold of the illegal turn at T'g. If it fully identifies two edges (upper >_>\4=w

right-hand image), the terminal vertex would have valence-5 and neither W /
g nor its fold-conjugates could have represented a principal ¢ € Out(F3), ><

a contradiction. So g; must be a proper full fold (lower right-hand image) ™

and I';y now has a valence-4 vertex at the image of w. So the previous )'——ff/—v<
paragraph indicates that

gt—2

-1
4 9o°9t—1°95
Iy 9—2>F2g—3>~- — I g—>0"rt_1 t—>

o-Ty=Tg Ty
is represented by a directed loop in .,/4\3 So in this case also the Stallings fold decomposition of g is
partial-fold conjugate to one determining a directed loop in As. O

Proposition 3.4. Fach principal fully irreducible ¢ € Out(F3) contains in its Stallings fold de-
composition the left-hand graph. Thus, each principal axis must pass through the simplex with
underlying graph both the second and third graphs in the image.

FANEVNEON

Proof. By Theorem [C] the Stallings fold decomposition of any representative g of a principal fully

irreducible ¢ € Out(F3) is partial-fold conjugate to one determining a directed loop in As.
The image below, and to the right, schematically depicts As, with folds changing the labeling on

the 1tt structure included as dashed. In this figure, we group together the nodes differing only by
edge-label permutation into a single node, indexed by roman numerals; this grouping is also shown
in Figure [3| Numbers on the arrows indicate how many

12



distinct maps connect the isomorphism classes of ltt La

structures. It is interesting to note that, as drawn here NI L

and in Figure As has a clockwise orientation. a N
One can then observe that, once Node I is removed Hm ‘ H@

the maximal strongly connected component, which we —

call here M, includes none of Node I, Node II, or Node T /& li

III. Further, in the edge-labeling scheme of Figure |3 no 2 / V@’Tﬂ i

permutation within My contains ¢ and no fold within |

M maps c over another edge. e VII@P_O 1 VIl
Hence, no directed loop within M can define an ir- {

reducible map. And we thus have that any irreducible a&VI /ﬁ Xm_o

map represented by a directed loop in the automata -0

would need to contain Node I, which is the left-hand im-

age in the statement of the proposition. The underlying XI.
graph of this ltt structure is the middle image. Inspec- o0 « i XHQQO
tion of all 4 folds entering Node I (including the self- 1‘[ l P
maps), indicates that the axis must also pass through 0 p 1 i
the third graph in the image. O cﬁo Za Gﬁ)
4. THE SINGLE-FOLD MAP
Consider the graph map g defined by:
a—b
b—d
(11) g={cr—e
d—e€ec
e—a
In ,/4;, one can find g represented by the directed loop:
' e_. ' o a—b Coe—el I
R A BE R
: °dﬂad53‘*:§;éc

Q
kﬂ
q

FiGURE 2. The Stallings fold decomposition of g is a fold f, then homeomorphism
go. This map is indicated in dotted gold in

Lemma 4.1. The map g of Figure @ represents a principal fully irreducible 1 € Out(F3).

Proof. We first use the criterion of Proposition to prove that g represents an ageometric fully

irreducible outer automorphism .
The direction map Dg is given by:

13



O <
4

> @ b > d

~
o
~
]
S
(=
S8

ol
~

So one can check as in [GP23, Lemma 5] that the turns taken by {g’(e) | p € Z~o,e € ET'} are:
(12) {e;e}, {a,}, {b,a}, {d,b}, {e,d}, {@c}, {be}, {d a}, {c,b}, {e d}.

Since the only illegal turn {d, ¢} is not taken, g is a tt map. Since an adequately high power of the
transition map is positive, g is Perron-Frobenius. Alternatively, one can note that g'3(d) contains
all edges of I' and d is in g?(a), g(b), g*(c), and g3(e). So that all edges of I are in g*°(a), g'®(b),
g'7(c), and g'%(e). So that g'” maps every edge over every edge.

In light of , the local Whitehead graphs are triangles at each valence-3 vertex, and then the
union of the Figure [2] colored edges at the valence-4 vertex. Hence, each local Whitehead graph is
connected. Using the sage package of Coulbois [Could], for example, one can check that there are
indeed no PNPs.

By Proposition g thus represents an ageometric fully irreducible outer automorphism ).
Further, since all directions but ¢ are periodic, the ideal Whitehead graph would be a union of 3
triangles. Hence, ¢ is in fact principal. O

5. PERRON NUMBERS & MINIMAL STRETCH FACTORS

A weak Perron number is an algebraic integer A that is at least |a| for each conjugate a of X\. A
weak Perron number where the inequality is strict is called a Perron number. Perron numbers are
precisely the spectral radii of nonnegative aperiodic integral matrices.

We will need:

Lemma 5.1. For each r > 2, the stretch factor of each fully irreducible ¢ € Out(F,) is a Perron
number.

Proof. Suppose that ¢ € Out(F},) is a fully irreducible outer automorphism. Its stretch factor
is the PF eigenvalue A(g) of the transition matrix M (g) for any expanding irreducible tt map g.
By definition, M (g) is a nonnegative integer matrix. By [Kapl4] Lemma 2.4(2)], we know M(g)
is primitive. Hence, M(g) is aperiodic. Since Perron numbers are precisely the spectral radii of
nonnegative aperiodic integral matrices, A(g) is a Perron number, as desired. ([l

Theorem A. The stretch factor of 1 is minimal among fully irreducible elements in Out(F3).

Proof. The transition matrix for g is:

0000 1
10000
M(g =10 00 10
01000
00110

Thus the stretch factor of g is the largest real root of the characteristic polynomial of M (g), which
isg(z) =2 —x— 1.
Graphs in CV3 have between 3 and 6 edges. Suppose ¢ € Out(F3) has a tt representative on
a graph with 6 edges. By an Euler characteristic argument, each graph with 6 edges is trivalent.
If ¢ is fully irreducible, then its Stallings fold decomposition must consist of at least one fold. As
14



in the proof of Theorem [C| (and its corresponding image), the graph at the completion of the fold
will either have a valence-4 vertex (if it is a proper full fold) or a valence-5 vertex (if it completely
identifies 2 edges). In either case an Euler characteristic argument indicates the number of edges
would have decreased from 6. Now, fold-conjugate outer automorphisms are in the same conjugacy
class, so have the same stretch factor. Thus, if, a fully irreducible stretch factor is achieved by a
tt map on a 6-edge graph, it is also achieved by a train track map on a graph with fewer edges. In
fact, if a given stretch factor is achieved by a principal fully irreducible outer automorphism with
a tt map on a 6-edge graph, then the same can be said on some graph of fewer edges.

In light of the previous paragraph, since the stretch factor of any element of Out(Fj3) is the
largest eigenvalue of the transition matrix of a tt representative, the algebraic degree of the stretch
factor is between 1 and 5. Moreover, the stretch factor must be a Perron number by Lemma [5.1
The smallest few Perron numbers of degrees 2, 3, 4, and 5 are known. Approximately, these are
1.618, 1.325, 1.221, and 1.124 respectively. ([Boy85, Table 3]) Since g has stretch factor less than
1.32 and 1.22, the smallest stretch factor must be a degree-5 Perron number.

The two smallest degree-5 Perron numbers are approximately v ~ 1.124, and A ~ 1.167, the
largest real root of z° + 2* — 22 — x — 1 and 2% — z — 1 respectively ([Boy85, Table 3]). Since
g has stretch factor exactly A, we need only rule out v as a possible stretch factor. Notice that
the trace of #° + 2 — 22 — 2 — 1 is —1. Thus any 5 dimensional matrix with this characteristic
polynomial must have negative trace. Since transition matrices have non-negative integer entries,
this is impossible. Thus no element of Out(F3) has stretch factor 7. So g has the minimal stretch
factor among fully irreducible elements of Out(F3), as desired. O

6. UNIQUENESS OF THE SINGLE-FOLD PRINCIPAL TRAIN TRACK MAP

The goal of this section is to prove Theorem [B] Assume through- / fei— gée;
out that I' is a graph of rank r > 3. Suppose that h = g, o f is a F

v
tt representative of a principal fully irreducible ¢ € Out(F; ), such 9 2 g':/
that f: I' — I'" is a single proper full fold defined by f: e; — epe} v 2 %
and g,: IV — I is a graph relabeling isomorphism. Notice that e 0
one could not have h = g, o f if f were instead a partial fold or a v
complete fold, because these types of folds change the number of \C ‘QT/

vertices in a graph, and hence change the graph-isomorphism type
of a graph.

By Lemma I" will have a single valence-4 vertex and all other vertices will have valence 3.
Further, the fold must occur at the unique valence-4 vertex in I'. Let v; denote the terminal vertex
of ep and vy the terminal vertex of ey, so that ey = [vg, v1] and e; = [vg, v2]. We label the vertices
of I so that f(v) =" and € = [v/,w'] for each e = [v,w] € ET — {e1} and €} = [v], v}].

The following lemma will help us further set notation for the graphs I and IV, as well as aid in
the proof of Theorem

Lemma 6.1. Suppose I' is a graph with rank r and h = g, o f is an irreducible tt representative of
a principal fully irreducible ¢ € Out(F,) such that f: T'— T" is a single proper full fold defined by
f:e1—epe and go: I' — T is a graph relabeling isomorphism. Label the vertices incident to the
edges eg, e1, € and ej as described above. Then

(a) |VT'| =2r—3 and |ET| =3r —4.

(b) the vertices vg,v1, and vy are distinct

(¢) 90(0}) = v, gule}) = eo, and go(v)) = vr

(d) h is transitive on the vertex set of T'.
Proof. We prove (a) - (d) in order, one at a time.
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(a) Since the rank of I' is r, the Euler characteristic satisfies x(I') =1 —r. So
r—1=|ET| —|VT]|.
Since I' has a single valence-4 vertex and all other vertices are valence-3, we have:
VI'=2r—-3 and ET = 3r — 4.

(b) If vy = v1 = ve, both ey and e; would be single-edge loops. Since valence(vg) = 4 and part
(a) implies I' must have more than one vertex, I' would be disconnected. Thus the three
vertices are not all equal.

If vy = vy, then ey is a single-edge loop, as is its %=V, )‘1 F V;/:V)’ }"l/
. A P .
image in I". Since f(vg) = v; is the unique valence- m , ,
4 vertex in IV, we must have h(vg) = g,(v}) = vo. b1/ =%, N é1 0
However, if vg is fixed by h, the set of edges inci- v A vy
dent to vy is h-invariant. Since by part (a) there
are necessarily more edges in I' not incident to vg, this contradicts the irreducibility of h.

If v; = vg, then €] is a single-edge loop in I,

/
3 r /D \/S r’ Now I has one more edge which is a single-edge

el e, e, loop than I' does, contradicting that g, is a graph
R M . :
4=va 3, 2] /=y isomorphism.
If vg = vy, then e, is a single-edge loop. How- J7 s . )‘7/
ever €} is not a s.ingl.e—edg:e loop in IV, so T’ ha/s eq( =y /q:\ , & j
one more edge which is a single-edge loop than I”, e, K el )é,
again contradicting that g, is a graph isomorphism. 4 A \%4
(c) In light of (b) we have the following picture (and will show the vertex colors reflect how they are
mapped): h
— \

F /‘éiﬂéééi )_’/ r’

~ Vi<, N
W go N X

4
\ga Va. %
et e.lt \—4 7

Va va{

Since vy is the unique valence-4 vertex of I" and v} is the unique valence-4 vertex of IV and g, is
a graph isomorphism, we must have g,(v]) = vo.
By Lemma 3.2} all but one direction of I' must be periodic under h. Hence

(13) |DR¥(DT)| = |DT| — 1

for all powers k > 1. Observe that €} is the single direction in I not in the image of D f.

We claim Dg,(e}) € {eo,e1}. Suppose not. Since g, is a graph isomorphism, Dy, is bijective
on the set of directions of IV. Hence there exists a pair of distinct directions a’,b’ € DI” such
that Dg,(a') = e; and Dg, (V') = eg. Since g,(v]) = vp and g, is a graph-isomorphism, a’ and ¥’
emanate from v]. Since we assumed neither o’ nor b are equal to the D f-unachieved direction e/,
the definition of I ensures there exist a,b € DI so that Df(a) = o’ and Df(b) = V/. Further, since
a’ and V' are incident to v} and f(v1) = v}, we have that a and b are incident to v;. Thus,

Dh*(a) = Dgs (D f(Dgo(Df(a)))) = Dga(Df(Dgo(a'))) = Dgo(Df(e1)) = Do (ep)
16



and

Dh?(b) = DgU(Df(DgU<Df(b>))> - Dga(Df<DgU(b/))) = Dga(Df(eo)) - Dgo(e,o>'

Hence Dh?(a) = Dh?(b), which implies |Dh?(DT)| < |DT| — 2, contradicting Thus, Dg,(€]) €
{eo, €1}, as desired.

Since g, is a graph isomorphism, the previous paragraph implies that g,(e}) € {e1,e0}. Suppose
for the sake of contradiction that g,(e}) = e1. Then g,(v) = ve, and so h fixes the vertex vq. Since
Dh(e1r) = Dg,(Df(er)) = Dgo(e1’) = €1, the set consisting of the remaining two edges incident to
vg is invariant under h. This contradicts the irreducibility of h. Therefore g,(€}) = ep.

Since ey = [vo, v1] and €] = [v],v}] and g, is a graph isomorphism, and we already have g, (v]) =
vo, we know that g, (v}) must be the vertex of ey other than vy, which is exactly vi. This completes
the proof of part (c).

Suppose h is not transitive on the vertex set of I'. Then VI' = X LY for nonempty proper subsets
X and Y, both h-invariant. Without loss of generality, suppose vy € X. Let Ey be the edges in
I" with at least one incident vertex in Y. We aim to show Ey is a nonempty proper subset of ET
which is invariant under h = g, o f, contradicting that A must be an irreducible tt map.

By part (c), h(v2) = g,(vh) = v1 and h(vi) = go(v]) = vo . Hence both v1,v9 € X by invariance
of X. As Y is disjoint from X, all three vertices vg,v1,v2 ¢ Y, implying eg,e; ¢ Ey. This
guarantees that Ey is indeed a proper subset of the edge set. Clearly Ey is nonempty, since Y
is nonempty and every vertex in I" has nonzero valence. All that remains to show is that Ey is
h-invariant.

Let e € Fy. By the definition of Ey, there is a vertex v € Y incident to e. Since e; ¢ Ey, we
know e # e1, so by the definition of I, we have €’ is incident to v’ in I''. By the definition of f,

h(e) = go(f(e)) = go(€)
and
h(v) = go(f(v)) = go(v').

Since g, is a graph isomorphism, g, (€’) remains incident to g,(v"). Moreover, g,(v') = h(v) € Y by
invariance of Y. Hence h(e) = g,(¢’) € Ey, so Ey is h-invariant, completing the proof of (d). O

Theorem B. Up to edge relabeling, the map g of Figure[d is the only train track map representing
a principal fully irreducible outer automorphism in any rank whose Stallings fold decomposition
consists of only a single fold composed with a graph-relabeling isomorphism.

Proof. Suppose h is a tt representative of a principal fully irreducible ¢ € Out(F3). Then, by
Proposition m h is represented by a directed loop in .A3 including the 1tt structure (call it G)

at Node I. If h contains only a single fold, then this fold must be one of the folds taking G to
itself. Up to permutation-relabeling of ltt structures, there are only 2 such folds (the left-most 2
folds in the Node I box in Flgure 3). g is indicated using gold (dashed) arrows in Figure 3] In
the graph-labeling class of A3 included in Figure (3] the other fold within the Node I box would
lead to a fold of d over ¢ and then the graph isomorphism a — €, b+ ¢, c— b, d — d, e — a (a
combination that leaves invariant {b} U {c}). Thus, up to edge relabeling, h is unique.

We now show that for each » > 4 no such map can exist. Let n = 2r — 3 be the number of

vertices in T'. By Lemma [6.1)(d), the vertices of T are all in the same orbit under h. Hence we can
recursively label the vertices of I' as follows, taking subscripts modulo n:

(1) Let vp remain as is and
(2) let vg—1 := h(vg) for 1 <k <mn.
17



On the vertex set, h is now given by:
Vo > Upn—1 > Upn—2 > -+ = Vg — V1 — 9.

We maintain the convention that a vertex v in I' is given the label v’ in I”, so we have a labeling
of vertices in I as well. Since f(v) = v’ for each v € VT, the above labeling implies g,(v},) = vi—1
and g, (vr) = vj,,. Observe that by Lemma (C) our labeling is consistent with our original
labeling of v1 and ws.

We will reach a contradiction to the existence of h by showing v would have the wrong valence.
In what follows, we rely on the fact that the edge-labeling induced by f (in the sense of provides
a bijection between ET\{e;} and ET"\{[v],v}]} given by mapping e = [v,w] to ¢’ = [v/,w']. Thus,
if ¢’ and e} have distinct vertices and are not ey = [v],v5] or €] = [vy,v]], then removing primes
on vertices gives distinct edges of T

Let e := g5 (e1). Since e; = [vg, v2] and g, ! is a graph isomorphism,

¢y =gy (e1) = [g5" (v0), g5 ' (v2)] = [V}, v5]-

Since €} = [v],vh] and v} # v}, this tells us e}, ¢ {e}, e} }. Therefore, by our convention for labeling
the vertices of IV, there is an edge in ET joining v; and v3. We call this edge es. Similarly, let
ey := g, (ea). Since ey = [v1,v3] and g, ! is a graph isomorphism,

e3 = gy (e2) = [95 " (v1), g " (v3)] = [vg, vi)-
By Lemma [6.1a) and the assumption that r > 4, we have |[VI'| = |VT'| > 5. Hence v} # v}, so
e ¢ {€}, €} }. So there is an edge in ET joining vy and vs. We call this edge es.
Let o := g, (€p). Since e = [v(), v}] and g, is a graph isomorphism,
a1 = go(en) = [90(v0); 9o (v1)] = [vn—1, o).

we know v,_1 # va, and hence also a; ¢ {e1,€1}. By the labeling of I”, there is an

Since n > 5,
= [v],_1,v4] € ET’. Similarly, let

edge o}
az = go(0)) = (90 (Vh_1), 9o (v0)] = [Un—2, vn—1].

Again, by I" labeling conventions, there is an edge of, = [v],_5,v!,_;] € ET”. Recursively define

ok = go(h_1) = (90 (V_k+1)s 9o (Vn_pt2)] = [Vn—k> Vg1
for k€ {2,...n—1}.

The final two recursively defined edges ay,—o = [va,v3] and a,—1 = [v1,v2] both contain wvs.
Moreover, e; = [vg, v2] and e3 = [ve, v4] contain vy. Since vy, v1,vs, and vg are distinct vertices, all
four of these edges are distinct. Therefore vy is contained in at least 4 distinct edges in I'. This
contradicts that ve should have valence 3. Thus for each » > 4 there cannot exist a single-fold
irreducible tt map h representing a principal fully irreducible element of Out(F;). ]

rl/
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FicUure 3. This figure depicts the Rankt8 Principal Stratum Automaton. Permu-
tations of the automata are in green; note that if moving right to left across the
page one must read the permuatation right to left as well. Compositions of included
permutations, as well as color-preserving graph symmetries, are implicitly included.
(Symmetries are included in blue at II as an example.) The map of Figure [2] is in
dotted gold.
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