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Abstract

A closed fibered 3-manifold admits a complete hyperbolic metric if and only if
it has a fibration with a pseudo-Anosov monodromy. The stable and the unstable
laminations associated to the pseudo-Anosov homeomorphism on the fiber surface give
rise to a natural metric on the 3-manifold, the Cannon–Thurston metric, which is
quasi-isometric to the hyperbolic metric.

In this paper, we describe a specific family of quasi-geodesics in the Cannon–
Thurston metric. We use the main results of this article in a companion paper to
obtain statistics for typical geodesics with respect to various natural measures on the
2-sphere, thus giving a geometric criterion for singularity between some of these mea-
sure classes.
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1 Introduction

In this paper, we describe a specific family of quasigeodesics in the Cannon–Thurston metric,
with the following two properties, see Section 1.3 for precise statements.

1. For a quasigeodesic that corresponds to a bi-infinite geodesic in the fiber, the distance
of the quasigeodesic from the fiber is explicitly described in terms of the angle the
geodesic makes with the stable and unstable laminations.

2. The projection from the fiber to the quasigeodesic along the vertical flow is coarsely
distance reducing.

There are a number of previous constructions of quasigeodesics in the Cannon–Thurston
metric, which we discuss in more detail in Section 1.2. The properties above have not
been verified in these constructions. We use these properties in [GMPU25] to give effective
estimates of the amount of time a typical geodesic spends close to the fiber.
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In the remainder of this section, we first review the definition of the Cannon–Thurston
metric, and then discuss previous constructions of quasigeodesics. We then give a brief
outline of the construction we use.

1.1 The Cannon–Thurston metric

Suppose that S is a closed orientable surface with genus at least two and f : S → S is an
orientation preserving homeomorphism. The mapping torus of f is the closed 3-manifold
obtained as Mf = M := S× [0, 1]/(f(x), 1) ∼ (x, 0). The universal cover M̃f of the mapping

torus Mf is a (topological) product S̃ × R. We call the R action on the universal cover the
suspension flow.

In his groundbreaking work on geometrization of 3-manifolds, Thurston proved that a
closed 3-manifold that fibers over the circle admits a complete hyperbolic metric if and only
if it is a mapping torus Mf of a pseudo-Anosov mapping class f of a fiber surface S [Thu22].

Since S has negative Euler characteristic, the universal cover S̃ can be identified with
H2 by choosing a complete hyperbolic metric on S. With the metric chosen, we denote the
fiber surface as Sh and the universal cover as S̃h. The fiber inclusions ιr : S̃h → S̃h×{r} are
exponentially distorted in H3. Despite the distortion, Cannon and Thurston [CT07] showed

that the inclusions extend to a continuous map ∂∞S̃h = S1 → S2 = ∂∞H3 at infinity. The
Cannon–Thurston maps are continuous, surjective, and finite-to-one. The suspension flow
gives for each r ∈ R a map fr such that ιr = fr ◦ ι0 with f1 acting by the lift of the
pseudo-Anosov f . So we only need to consider ι = ι0.

The action of the pseudo-Anosov map f on Sh has two invariant measured geodesic
laminations (Λ±), where Λ+ is called stable lamination and Λ− is called unstable lamination.
Roughly speaking, f stretches the leaves of Λ− by a factor of k = k(f) > 1 and contracts
the leaves of Λ+ by 1

k
. In terms of transverse measures, f scales down (respectively up) the

transverse measure dy (respectively dx) of Λ− (respectively Λ+) by a factor k = k(f) > 1.
The constant k is called the stretch factor of the pseudo-Anosov f . Topologically, the
invariant laminations and the stretch factor do not depend on the choice of the hyperbolic
metric on S.

The invariant laminations can be lifted to laminations Λ± of H2 = S̃h. Cannon and
Thurston then define the infinitesimal pseudometric on S̃h × R by

ds2 = k2zdx2 + k−2zdy2 + (log k)2dz2. (1)

where k is the stretch factor of f . The infinitesimal pseudo-metric gives rise to a pseudometric
dS̃h×R on S̃h × R in the standard manner:

• integrating the pseudometric along rectifiable paths gives a pseudo-distance; and then

• defining the distance between two points as the infimum of the lengths over all rectifi-
able paths connecting the two points.
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The resulting pseudo-metric on S̃h × R is called the Cannon–Thurston metric.

Suppose that A is a subset of S̃h. We define the suspension flow set F (A) to be

F (A) =
⋃
z∈R

Fz(A).

If A = {p} is a point, then F (p) is just the suspension flow line through p, and hence a

geodesic in the Cannon–Thurston pseudometric. If A is a hyperbolic geodesic γ in S̃h, then
the suspension flow set F (γ) is called the ladder of γ. We refer to γ as the base of the ladder.

Ladders over geodesics in S̃h are quasiconvex, a special case of a more general result of
Mitra [Mit98, Lemma 4.1]. Ladders over arbitrary geodesics are also quasi-isometric to H2,
though we do not use this fact directly. However, because of the distortion, the image ι(γ)

in S̃h × R need not be a quasi-geodesic, even up to reparameterization. In fact, when γ is
a leaf of an invariant lamination (or more generally, has a long enough segment that fellow
travels a leaf), the image ι(γ) is horocyclic in the ladder over γ.

Our goal here is to explicitly construct quasi-geodesics in the Cannon–Thurston metric
by straightening the “horocyclic” ι(γ) segments in the ladder over γ. We do this by defining
a height function hγ(t) along the geodesic γ, where hγ(t) is roughly log log the distance in
the unit tangent bundle from the geodesic to the invariant laminations. We then show that
the paths (γ(t), hγ(t)), which we call test paths are uniformly quasi-geodesic, that is their
quasi-geodesic constants do not depend on γ.

1.2 Quasi-geodesics in the universal cover

McMullen [McM01] constructed quasigeodesics in the singular solv metric on S̃ × R using
saddle connections in the singular flat metric associated to the pseudo-Anosov f . Hamen-
staedt [Ham05] considered the more general case of word hyperbolic extensions of surface
groups, and Mj and Sardar [MS12] and Kapovich and Sardar [KS24] consider the general
case of hyperbolic groups arising as hyperbolic-by-hyperbolic groups.

In all the above cases, the authors construct quasigeodesics by connecting segments of
vertical flow lines by horizontal paths1. However, there is no a priori upper bound for
the length of the vertical segments, and so the projection from the fiber geodesic to the
quasi-geodesic by the vertical flow need not be coarsely distance non-increasing.

As we note in the example below, these properties, particularly the coarse distance non-
increasing property, need not hold for all quasigeodesics, and they depend on the details of
the construction. For an example, consider a geodesic γ in the hyperbolic plane intersecting
a horocycle h. See the illustration in in Figure 1 in the upper half space model of H2.

The two paths α and β in Figure 1 are quasigeodesics. For all horocycles h intersecting
γ, the vertical projection from h onto β is uniformly coarsely distance non-increasing, that

1We warn the reader that other authors, for example Kapovich and Sardar [KS24], use the opposite
convention for which directions are horizontal or vertical.
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Figure 1: Two quasigeodesics in the upper half space model of H2.

is, there are constants D,K,C > 0 such that for any horocycle h and any pair of points
distance at least D apart in the path metric on h, their projections to β are distance at most
K times their distance along h plus C. However, the vertical projection from h to α does
not have this property since a uniform D does not exist for h as its height (imaginary part)
goes to zero.

In this article, we prove that both properties hold for the test paths we build by relating
properties of the test paths to a function on the unit tangent bundle of the surface.

It may be possible to modify the previous constructions of quasigeodesics to have the
desired properties, though we do not attempt it here.

1.3 A specific construction of quasigeodesics

In this section, we state the construction of the test paths precisely and also the properties
that they satisfy.

Definition 1. We say that a bi-infinite geodesic γ in S̃h is non-exceptional if

• its limit points γ− and γ+ are distinct from the limit points of any boundary leaf of
any ideal complementary region of either of the invariant laminations, and

• the limit points have distinct images under the Cannon–Thurston map, that is ι(γ−) ̸=
ι(γ+).

Suppose that γ is a non-exceptional geodesic in the universal cover of the surface S̃ with
unit speed parametrization. The inclusion map ι embeds γ in S̃h × R at height z = 0. The
image ι(γ) is, in general, not a quasigeodesic. However, we will show that the height for each
point of ι(γ) can be changed in a specified way so that the resulting path is a quasigeodesic,
i.e. there is a function hγ(t) such that (γ(t), hγ(t)) is an (unparametrized) quasigeodesic.

In order to define the function hγ, we need the following mild generalization of a measured
lamination. A measured lamination is maximal if every complementary region is an ideal
triangle. By adding finitely many leaves to divide every ideal complementary region of
a measured lamination Λ into ideal triangles we may extend Λ to a maximal lamination.
There are thus only finitely many such maximal laminations containing Λ. We will call the
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union of these maximal laminations the extended lamination Λ, which in general is not itself
a measured lamination. See Definition 16 and Section 2.5 for more details.

Let Λ be the union of the two extended laminations obtained from the invariant lam-
inations for f , and let Λ

1
be its lift in T 1(Sh). Let h : T 1(Sh) \ Λ

1 → R be a continuous

function. Then h determines an embedding in S̃h × R of any non-exceptional unit-speed
geodesic γ by the map t 7→ (γ(t), h(γ1(t))), where γ(t) is the oriented geodesic and γ1(t) is
the unit tangent vector to γ at γ(t). We shall call h the height function, and the embedding
τγ(t) = (γ(t), h(γ1(t))) the test path for γ determined by h.

We now specify the height function we will use, see Section 3 for background and moti-
vation.

We shall write logk for the logarithm function with base k, where k = kf > 1 is the
stretch factor of f .

Definition 2. Suppose that f : S → S is a pseudo-Anosov map, let (Sh,Λ) is a hyperbolic

metric on S together with a pair of invariant measured laminations, and Λ
1

− and Λ
1

+ the lifts
in T 1(Sh) of the extended laminations given by the invariant laminations of f , and let θ > 0

be a positive constant. We define the height function hθ : T
1(Sh) \ (Λ

1

+ ∪ Λ
1

−) → R to be

hθ(v) = logk

⌊
log

1

dPSL(2,R)(v,Λ
1

+)
− log

1

θ

⌋
1

− logk

⌊
log

1

dPSL(2,R)(v,Λ
1

−)
− log

1

θ

⌋
1

Here ⌊x⌋c = max{x, c} is the standard floor function. As the two extended laminations
are a positive distance apart in T 1(Sh), for sufficiently small θ, at most one of the terms on
the right hand side above will be non-zero.

We prove that for a choice of θ sufficiently small, the test path determined by the corre-
sponding height function is a quasigeodesic in S̃h × R. The following is the main result of
this article:

Theorem 3. Suppose that f : S → S is a pseudo-Anosov map and (Sh,Λ) is a hyperbolic
metric on S together with a pair of invariant measured laminations. Then there are constants
θ > 0, Q ⩾ 1 and c ⩾ 0, such that for any non-exceptional geodesic γ in Sh, with a unit
speed parametrization γ(t), the test path τγ(t) = (γ(t), hθ(γ

1(t))) is an unparametrized (Q, c)-

quasigeodesic in S̃h × R with the same limit points as ι(γ), where hθ is the height function
from Definition 2.

We shall now fix a sufficiently small constant θ in Theorem 3 and simplify notation to
just write h for hθ. See Section 3.2.2 for the exact choice of θ that we use. Furthermore, we
will write hγ(t) for hθ(γ

1(t)).

We will use one further property of these quasigeodesics. The test path τγ lies in the
ladder F (γ) determined by γ, so vertical projection gives a map (γ(t), 0) 7→ (γ(t), hγ(t)) from
ι(γ) to the test path τγ. We will prove that this map is coarsely distance non-increasing.
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Proposition 4. Suppose that f : S → S is a pseudo-Anosov map and (Sh,Λ) is a hyperbolic
metric on S together with a pair of invariant measured laminations. There are constants K >
0 and c ⩾ 0 such that for any non-exceptional geodesic γ with unit speed parametrization,
and any real numbers s and t,

dS̃h×R(τγ(s), τγ(t)) ⩽ KdS̃h×R (ι(γ(s)), ι(γ(t))) + c,

where the test path has the parametrization inherited from the unit speed parametrization on
γ.

1.4 Overview

In this section we give a brief overview of the argument, omitting many technical details.
Each subsequent section has its own introduction discussing these details further.

In Section 2 we review the background material on hyperbolic geometry and laminations
that we will use, and set up some notation. The key observation is the following. A rectangle
is a subset of the universal cover of the fiber surface whose boundary consists of two pairs
of arcs, one pair from each of the stable and unstable lamination, see for example Figure 4.
The image of a rectangle under the vertical flow is again a rectangle, but with one pair of
sides scaled by a factor of kz, and the other pair scaled by a factor of k−z, where z is the
coordinate in the vertical flow direction. The optimal height of the rectangle is the z value
which makes both sides equal length.

The bi-infinite leaves containing the sides of the rectangle divide the plane into nine
regions. We call a non-compact region whose boundary contains two arcs, one from each
lamination, a quadrant. The union of the vertical flow lines through a quadrant is quasi-
convex. In Section 3.3 we show that the coarse intersection of two opposite quadrants is a
regular neighborhood of the optimal height rectangle, where the size of the regular neighbor-
hood depends on the area of the rectangle. We call this regular neighborhood of the optimal
height rectangle a bottleneck, as any geodesic in the universal cover of the 3-manifold with
endpoints in opposite quadrants passes through this set.

In Section 3.3.4 we show that whenever a geodesic γ in the universal cover of the fiber
crosses a lamination with small angle, then it crosses a rectangle with area bounded below.
This controls the height of any quasigeodesic in the Cannon–Thurston metric which connects
the endpoints of the image of γ in the universal cover of the 3-manifold M̃ . In particular,
the optimal height is approximately log log θ, where θ is the angle of intersection between γ
and the lamination, with the sign depending on whether the lamination is the stable or the
unstable lamination. Given our choice of the height function in Definition 2, this shows that
the test paths over segments containing small angles of intersection stay within a bounded
distance of a geodesic in M̃ .

In Section 3.3.5, we show that whenever a short subinterval of the geodesic γ meets both
laminations with large angles, γ again crosses a rectangle of area bounded below. The final
case to consider is when a segment of γ spends a long time in a single complimentary region.
In this case it does not necessarily cross rectangles of area bounded below, but as we have an
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explicit description of the Cannon–Thurston metric in these regions, we show directly that
the test paths we construct are quasigeodesic in Section 3.4.

Finally, in Section 3.5, we verify that vertical projection along the flow from the fiber to
the quasigeodesic test path is coarsely distance decreasing.

1.5 Acknowledgments

This work would not have been possible without the wonderful working conditions of the
American Institute of Mathematics. We would like to thank them for their hospitality during
the April 2022 workshop “Random walks beyond hyperbolic groups” where this work started.
We thank the referee of a previous version of this paper for useful comments.

The first author acknowledges the support of the Institut Henri Poincaré (UAR 839
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2 Hyperbolic geometry and (extended) laminations

In this section, we briefly review some useful facts about hyperbolic geometry and properties
of hyperbolic geodesics. We also discuss properties of measured laminations and extended
laminations. We refer reader to [BH99], [CB88], and [Kap01] for details.

2.1 Geodesic laminations and pseudo-Anosov maps

A geodesic lamination on Sh is a closed union of simple pairwise disjoint geodesics. A
transverse measure on a geodesic lamination Λ is a positive measure dm defined on local
transverse arcs to the leaves of Λ that

• is invariant under any isotopy preserving the transverse intersections with the leaves
of Λ, and

• is positive and finite on any nontrivial compact transversals.

Such a measure lifts to a π1(S)-invariant transverse measure on the pre-image of Λ in H2. By
abuse of notation, we will denote the pre-image also by Λ and the lifted transverse measure
also by dm. A geodesic lamination equipped with a transverse measure is called a measured
lamination. We will only consider measured laminations, and so we will often just write
lamination to mean measured lamination.

We say a measured lamination is filling if there are no essential simple closed curves
disjoint from the lamination. The complement of a filling lamination is a union of ideal
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polygons with finitely many sides. We say a leaf of the lamination is a boundary leaf if it
is the boundary of an ideal polygon. There are finitely many ideal complementary regions
in the compact surface Sh, and so there are only finitely many boundary leaves in Sh. This
implies that there are countably many boundary leaves in the universal cover S̃h.

We say a measured lamination is minimal if every leaf is dense in the lamination. A
minimal filling lamination has the following properties:

• there are uncountably many leaves,

• no leaf is isolated, and

• the transverse measure is non-atomic.

We say a pair of measured laminations Λ+ and Λ− bind Sh if each geodesic ray on Sh

crosses a leaf of Λ+ ∪ Λ−.

Definition 5. We shall write (Sh,Λ) for a triple consisting of a hyperbolic metric on a
compact surface S, together with a pair of minimal filling measured laminations Λ+ and Λ−
which bind the surface. We refer to such a triple (Sh,Λ) as a hyperbolic surface and a full
pair of laminations.

A pseudo-Anosov map f determines a pair of invariant measured laminations called stable
and unstable laminations, which we shall denote (Λ+, dx) and (Λ−, dy) respectively, where
dx and dy are the transverse measures. In particular,

• f(Λ+) = Λ+ and f∗dx = kdx, and

• f(Λ−) = Λ− and f∗dy = k−1dy,

where k = kf > 1 is known as the stretch factor of the pseudo-Anosov map. We shall
often write Λ+ or Λ− to refer to the measured laminations if we do not need to refer to the
respective measures.

We will use the following useful properties of geodesic laminations.

Proposition 6. [GMPU25, Proposition 11] Suppose that (Sh,Λ) is a hyperbolic surface
together with a full pair of measured laminations. Then there exist constants αΛ, ϵΛ, LΛ > 0
such that each of the following properties holds for any pair of leaves (ℓ+, ℓ−) with ℓ+ in Λ+

and ℓ− in Λ−:

(6.1) If ℓ+ and ℓ− intersect, then their angle of intersection is at least αΛ.

(6.2) If ℓ+ and ℓ− are disjoint, the distance between any two lifts of ℓ+ and ℓ− in S̃h is
at least ϵΛ.

(6.3) Any segment of a leaf of one of the laminations of length at least LΛ intersects a
leaf of the other lamination.
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(6.4) No ideal complementary region in S̃h \Λ+ has an ideal vertex in common with an

ideal complementary region of S̃h \ Λ−.

Cannon and Thurston showed that the Cannon–Thurston metric is quasi-isometric to
the hyperbolic metric. We state this explicitly below to fix notation for the quasi-isometry
constants.

Theorem 7. [CT07, Theorem 5.1] Suppose that (Sh,Λ) is a hyperbolic metric on S together
with a full pair of measured laminations. Then the hyperbolic metric dH2 and the Cannon–
Thurston pseudometric dS̃h

on the universal cover S̃h are quasi-isometric, i.e. there are
constants QΛ ⩾ 1 and cΛ ⩾ 0 such that for any points p and p′ in the universal cover,

1

QΛ

dS̃h
(p, p′)− cΛ ⩽ dH2(p, p′) ⩽ QΛdS̃h

(p, p′) + cΛ.

2.2 Close geodesics diverge exponentially

It is well known that if the lifts of two geodesics in PSL(2,R) are very close, then the distance
between them increases exponentially as you move away from the closest point between them
until they are a definite distance apart, and then grows linearly. More precisely, if they are
distance θ apart, then the distance between them grows exponentially for a distance of length
roughly log 1

θ
. We will use the following version of this result.

Proposition 8. There are constants θ0 > 0 and L0 ⩾ 1, such that for any two geodesics
γ1 and γ2 in H2 whose lifts in PSL(2,R) have closest points distance θ ⩽ θ0 apart, if γ1
has a unit speed parametrization γ1(t) with the closest point to γ2 being γ1(0), then for all
|t| ⩽ log 1

θ
,

1
L0
θe|t| ⩽ dPSL(2,R)(γ

1
1(t), γ

1
2) ⩽ L0θe

|t|. (2)

Furthermore, the lower bound at |t| = log 1
θ
holds for all t outside this range, i.e. for all

|t| ⩾ log 1
θ
,

dPSL(2,R)(γ
1
1(t), γ

1
2) ⩾

1
L0
.

We give a detailed proof of this result in Appendix B for the convenience of the reader.

Definition 9. Suppose that ℓ and γ are geodesics with γ parametrized with unit speed.
Suppose γ(t) is the closest point of γ to ℓ and suppose that dPSL(2,R)(γ

1(t), ℓ1) = θ. We call
the interval

Eℓ = [t− log 1
θ
, tℓ + log 1

θ
]

the exponential interval for γ with respect to ℓ.

Note that Eℓ is the interval on which the exponential estimate (2) holds.
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2.3 Quasigeodesics

We recall some basic facts about quasigeodesics, see for example Bridson and Haefliger
[BH99, III.H].

Definition 10. Let (X, d) be a geodesic metric space and let γ : I → X be a path, where I
is a (possibly infinite) connected subset of R. Let Q ⩾ 1 and c ⩾ 0 be constants. The path
γ is a (Q, c)-quasigeodesic if for all t1 and t2 in I,

1

Q
|t2 − t1| − c ⩽ d(γ(t1), γ(t2)) ⩽ Q|t2 − t1|+ c.

By [BH99, III.H Lemma 1.11], given a (Q, c)-quasigeodesic, there is a continuous (Q, c′)-
quasigeodesic with the same endpoints, so for our purposes we may assume that all quasi-
geodesics are continuous, and we will do so from now on.

A reparametrization of a path γ : R → X is the path γ ◦ ρ, where ρ : R → R is a proper
non-decreasing function. We say a path γ : R → X is an unparametrized (Q, c)-quasigeodesic
if there is a reparametrization of γ which is a (Q, c)-quasigeodesic.

We will use the following stability property for quasigeodesics in hyperbolic spaces, known
as the Morse Lemma.

Lemma 11. [BH99, Theorem 1.7] Let X be a δ-hyperbolic space. Then for any Q and c
there is a constant L such that any (Q, c)-quasigeodesic is contained in an L-neighborhood
of the geodesic connecting its endpoints.

2.4 Nearest point projections and fellow traveling

Suppose that α is a subset of a Gromov hyperbolic space (X, d). The nearest point projection
pα : X → α sends each point x ∈ X to a closest point to x in α. If α is Q-quasiconvex, then
the nearest point projection is K-coarsely well defined, where K depends only on Q and the
constant δ of hyperbolicity.

Suppose that α and β are two geodesics in X. We define the K-fellow traveling set for α
with respect to β to be the subset of α contained in a K-neighborhood of β, i.e. α∩NK(β).
If the diameter of the projection image pα(β) is sufficiently large, then pα(β) is contained in
a bounded neighborhood of the geodesic β, and so is contained in a fellow traveling set.

In the special case that X is Hn and α is a geodesic, the closest point on α to any point
x ∈ X is unique, and so pα is well-defined. Furthermore, for any geodesic β, the image pα(β)
is a subinterval of α, which we will refer to as the nearest point projection interval, or just
the projection interval. Similarly, any K-fellow traveling set α ∩ NK(β) is also an interval,
which we shall call the K-fellow traveling interval.

A standard consequence of δ-hyperbolicity is the useful property stated below that if the
projection image of a geodesic β onto another geodesic α is large, then the two geodesics
fellow travel and the projection image pα(β) is contained in a bounded neighborhood of β.
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Proposition 12. [KS24, Lemma 1.120] Suppose that X is a δ-hyperbolic space and suppose
that α and β are geodesics in X. If the diameter of the projection image pα(β) is greater than
8δ, then the projection image is contained in a 6δ-neighborhood of β, i.e. pα(β) ⊆ N6δ(β),
and so pα(β) is contained in the fellow traveling set α ∩N6δ(β).

In H2, if two geodesics intersect at angle θ, then the size of the projection interval is
roughly log(1/θ). In fact,the same result holds for two geodesics that do not intersect, but
are distance θ apart. We will use these properties in Section 3 below.

Proposition 13. There is a constant T0 ⩾ 0, such that for any unit speed geodesic γ1 in H2

and any geodesic γ2 such that

• γ2 intersects γ1 at the point γ1(0) at an angle 0 < θ ⩽ π/2, or

• the distance from γ1 to γ2 is θ > 0, and the closest point occurs at γ1(0),

then the nearest point projection interval pγ1(γ2) is equal to γ1([−T, T ]), where

log
1

θ
⩽ T ⩽ log

1

θ
+ T0,

and furthermore, for all |t| ⩽ log 1
θ
, the distance from γ1(t) to γ2 is at most 3/2.

This is well known, we provide the details in Appendix A for the convenience of the
reader. In fact, for small |t|, the two geodesics are exponentially close, see Section 2.2 for
further details.

We now record the useful fact that if two geodesics α and β intersect at angle θ, then the
size of their projection intervals onto each other is roughly log 1

θ
, and furthermore, for any

other geodesic γ, the overlap between the projection intervals for α and β on γ is bounded
in terms of θ.

Proposition 14. [GMPU25, Proposition 26] For any constant αΛ > 0 there is a constant
ρΛ > 0 such that for any two geodesics in H2 which intersect at angle θ ⩾ αΛ, and for any
other geodesic γ, the intersection of the nearest point projection intervals of α and β to γ
has diameter at most ρΛ.

If two geodesics α and β have strictly nested projection intervals onto a third geodesic
γ, i.e. pγ(α) ⊂ pγ(β), and α intersects γ, then α and β also intersect.

Proposition 15. [GMPU25, Proposition 27] Let γ be a geodesic in H2 which intersects a
geodesic ℓ1, with projection interval I1 ⊂ γ. Let ℓ2 be a geodesic with projection interval
I2 ⊂ γ, such that I1 ⊂ I2. Then ℓ1 and ℓ2 intersect.

12



2.5 Extended laminations

Given a full lamination on a hyperbolic surface, we define the resulting extended lamination
as below.

Definition 16. Suppose that Λ is a measured lamination on a hyperbolic surface Sh, and
suppose that all complementary regions of Λ are ideal polygons. We define the extended
lamination Λ to be the union of Λ with additional leaves connecting every pair of ideal
points for each ideal complementary region. We will call the additional leaves extended
leaves.

Figure 2: Extended leaves in a complementary region with four sides.

If all ideal complementary regions are triangles, then the extended lamination equals the
original lamination. If there are ideal polygons with more than three vertices, the extended
lamination is not even a geodesic lamination, as there are intersecting leaves. Extended
laminations are not minimal, as not every leaf is dense, but they are still closed. Although
the extended lamination is not a lamination, it still makes sense to assign measures to
transverse arcs, and if we assign the extended leaves measure zero, the resulting measure is
the same as the measure from the original measured lamination. As the only way to obtain
a finite measure is to make the extended leaves measure zero, the extended lamination is
also not a geodesic current as there are transverse arcs of zero measure.

Proposition 17. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a full pair
measured laminations. Then the corresponding extended laminations Λ+ and Λ− do not share
any common leaves.

Proof. Suppose that the two extended laminations share a common leaf. The measured
laminations do not share any common leaves, so the common leaf must be an extended leaf.
But then the two laminations have ideal complementary regions that share a common point
at infinity, contradicting Proposition (6.4).
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Proposition 18. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a full pair
of measured laminations. Then there is a constant αΛ > 0 such that any two leaves of the
extended laminations Λ+ and Λ− which intersect, intersect at angle at least αΛ.

Essentially the same proof as before works, but we give the details for the convenience
of the reader.

Proof. Suppose that there is a sequence of pairs of intersecting leaves ℓ−n , ℓ
+
n , whose angles of

intersection tend to zero. By compactness of S, we may pass to a convergent subsequence.
As the extended laminations are closed, this limits to a pair of leaves with zero angle of
intersection, so Λ+ and Λ− share a common leaf, contradicting Proposition 17.

Every geodesic γ in Sh has a unique lift in the unit tangent bundle T 1(Sh).

Proposition 19. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a full pair
of measured laminations. Then there is a constant αΛ > 0 such that the distance in T 1(Sh)

between any two leaves of the extended laminations Λ
1

+ and Λ
1

− is at least αΛ.

Proof. Suppose that there is a sequence of pairs of leaves ℓ−n , ℓ
+
n , whose lifts become arbitrarily

close in T 1(Sh). By compactness of S, we may pass to a convergent subsequence. As
the extended laminations are closed, this limits to a pair of leaves which are tangent, and
hence equal, implying that the extended laminations share a common leaf, contradicting
Proposition 17.

Finally, we record the fact that any sufficiently long segment of a leaf of the extended
lamination intersects the other extended lamination. Essentially, the same argument as
before works, but we give the details below.

Proposition 20. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a full pair
of measured laminations. Then there is a constant LΛ > 0 such that any leaf of either of the
extended laminations Λ+ or Λ− of length at least LΛ, intersects the other lamination.

Proof. Breaking symmetry, suppose that the leaf belongs to Λ+. By swapping the lamina-
tions, the same argument works for Λ−.

By Proposition (6.3), there is a constant LΛ such that every segment of a leaf of the
invariant lamination Λ+ of length at least LΛ, intersects Λ−. So it suffices to consider
extended leaves. Let σn be a sequence of segments of extended leaves ℓn ∈ Λ+, such that the
σn are disjoint from Λ−, and the length of the segments σn tends to infinity. As there are
finitely many extended leaves for Λ+ in Sh, we may pass to a subsequence that converges to
an infinite ray of an extended leaf of Λ+ such that the ray is disjoint from Λ−. Note that such
a ray is asymptotic to a boundary leaf ℓ of Λ+. By Proposition (6.1) there is a lower bound
αΛ on the angle of intersection between the leaves of the two invariant laminations. It follows
that an infinite subray of ℓ is also disjoint from Λ−, contradicting Proposition (6.3).
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2.6 Complementary regions, polygons and cusps

In this section, we fix notation to describe subsets of either the surface Sh, or the universal
cover S̃h, which have boundaries consisting of alternating arcs of the laminations Λ+ and
Λ−.

Suppose that Λ is an invariant lamination. Then Sh \ Λ has finitely many connected

components, and each connected component lifts to an ideal polygon in S̃h with its boundary
consisting of leaves of Λ. We shall call these complementary regions ideal polygons with
boundary in Λ, and there are countably many of these in the universal cover S̃h.

Suppose that R is an ideal polygon with boundary in Λ+ (respectively, Λ−). Suppose
that ℓ is segment of a leaf of Λ− (respectively, Λ+) such that the endpoints of ℓ lie on adjacent
sides of R. The adjacent sides meet in an ideal point of R and we call the component of R\ℓ
containing this ideal point a cusp of R. We say a cusp of R is maximal, if it is not contained
in any larger cusp.

We now describe regions in S̃h with boundary consisting of arcs alternately contained in
Λ+ and Λ−. A polygon is a compact subset of S̃h homeomorphic to a disc, whose boundary
consists of an even number of arcs, alternately contained in Λ+ and Λ−. We (partially)
organize polygons as follows. We call a polygon a rectangle if its boundary consists of four
arcs. We call the polygon a non-rectangular polygon if it has more than four sides. We shall
only consider polygons in S̃h whose interiors embed in Sh.

The interior of a polygon may intersect other leaves of the laminations. If the interior
of the polygon is disjoint from the leaves of Λ+ and Λ− then we shall call it an innermost
polygon. An innermost polygon can be either an innermost rectangle, or an innermost non-
rectangular polygon.

Definition 21. Let (Sh,Λ) be a hyperbolic metric on S together with a full pair of measured
laminations. We say that the laminations are suited if every ideal complementary region R
contains a unique non-rectangular polygon. In particular, any arc of the other invariant
lamination that lies in R connects adjacent sides of R, and so determines a cusp.

The invariant laminations of a pseudo-Anosov map are suited; we include a proof below
for convenience.

Proposition 22. Suppose that f : S → S is a pseudo-Anosov map and (Sh,Λ) is a hyperbolic
metric on S together with a pair of invariant measured laminations. Then the laminations
are suited.

Proof. By collapsing the complementary regions of an invariant lamination, say Λ+, we
obtain a a measured foliation F+; see [Kap01, Chapter 11] for details. Since the laminations
are uniquely ergodic, the resulting foliations are also uniquely ergodic and in particular,
contain no saddle connections. Thus, the image of an ideal polygon with n sides is a singular
leaf of F+ with a single n-prong singularity. The measured foliation F− (given by collapsing
complementary regions of Λ−) also has a singular leaf with an n-prong singularity at the
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same point. The pre-image of this leaf is an ideal polygon complementary to Λ−. As the
limit points of the two singular leaves alternate at the boundary at infinity, the two ideal
polygons also have alternating ideal points at infinity, and so the intersection of the two ideal
polygons is an innermost non-rectangular polygon P with 2n sides.

In particular, each side of the polygon P which intersects the interior of R determines
a maximal cusp, and all other arcs of the other lamination which intersect R therefore also
lie in cusps. Therefore these arcs have endpoints in adjacent sides of R, and so determine
(non-maximal) cusps in R.

Figure 3 shows two ideal quadrilaterals R+ and R− intersecting in an innermost polygon
P with eight sides. The complement in each ideal quadrilateral of the innermost polygon
P is a maximal cusp. All other arcs of Λ+ intersecting R− lie in maximal cusps, and so
determine non-maximal cusps.

R+

R−P

maximal cusp

non-maximal cusp

Figure 3: Two ideal polygons intersecting in a non-rectangular polygon.

Remark 23. It is possible to have a full pair of laminations Λ such that

• the pair is not suited, and yet

• the bi-infinite Teichmüller geodesic that they define gives a doubly degenerate hyper-
bolic 3-manifold with bounded geometry.

This can happen when one of the measured foliations has a saddle connection, and yet the
bi-infinite Teichmüller geodesic lies in a thick part of Teichmüller space.

In light of Remark 23, our discussion in this section and its uses in the proofs of the
effective theorems does not extend without extra hypothesis to doubly degenerate hyperbolic
3-manifolds with bounded geometry.

We observe below that there is an upper bound on the diameter of any innermost polygon.
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Proposition 24. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair
of measured laminations. Then there is a constant DΛ such that diameter of any innermost
polygon with boundary in Λ+ ∪ Λ− is at most DΛ.

Proof. By Proposition (6.3), there is an upper bound LΛ on the length of any side of an
innermost polygon. There are only finitely many non-rectangular innermost polygons in Sh,
and the length of the boundary of a polygon is an upper bound on its diameter, so we may
choose DΛ to be nLΛ, where n is the maximum number of sides of any innermost polygon
with boundary in Λ+ ∪ Λ−.

Suppose that P is an innermost non-rectangular polygon. The intersection of the ex-
tended leaves of Λ+ and Λ− with P gives us a further finite collection of finite length geodesic
segments in P which we call the extended leaves in P .

Proposition 25. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair
of measured laminations. Suppose that P is an innermost non-rectangular complementary
polygon. Then there is a constant θP such that if the lift of a non-exceptional geodesic (c.f.
Definition 1) γ passes within distance θP in T 1(Sh) of an extended leaf in P , then its distance
in T 1(Sh) is at least θP from all of the other extended leaves in P .

Proof. If any two pre-images of geodesics in Sh intersect in T 1(Sh), they are the same
geodesic. Any innermost non-rectangular complementary polygon is compact and there
are finitely many innermost non-rectangular polygons Pi. Hence, for each Pi there is a con-
stant θPi

such that the θPi
-neighborhoods of all of the segments of the leaves in the polygon

are disjoint in T 1(Sh). By Proposition 24, the polygon has bounded diameter, and hence by
Proposition 8, there is a constant θ′Pi

such that if a point on γ is within distance θ′Pi
of one

of the leaves in the polygon, then it is within distance θPi
of that leaf for all t for which γ(t)

is in the polygon, and so is distance at least θPi
from all of the other leaves in the polygon.

By choosing θP to be the minimum of θPi
we conclude the proof.

2.7 Rectangles

In this section, we analyze rectangles and define their measures. Let R be a rectangle with
opposite sides contained in leaves ℓ1 and ℓ2 of one of the invariant laminations. We say R
is (ℓ1, ℓ2)-maximal if it is not contained in any larger rectangle with sides in ℓ1 and ℓ2. We
will show that if two leaves ℓ1 and ℓ2 have a common leaf of intersection, then they bound
a unique (ℓ1, ℓ2)-maximal rectangle, with upper and lower bounds on its measure.

Note that a rectangle is non-innermost if its interior intersects other leaves of the lami-
nations.

Given a side of a rectangle in S̃h, we will distinguish between its hyperbolic and its
Cannon–Thurston pseudometric length. We will call the pseudometric length the measure
of the side, as it is defined in terms of the measured laminations. Note that every leaf (of the
complementary lamination) that crosses the interior of a side of a rectangle also crosses the
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interior of the opposite side of that rectangle. It follows that opposite sides of a rectangle
have equal measures, even though they may have different hyperbolic lengths. If the interior
of a side does not cross any leaves of the complementary lamination then it has zero measure.
A rectangle is a square if its sides have equal measures. We define the measure of a rectangle
to be the product of the measures of two adjacent sides. By the definition, an innermost
rectangle has measure zero.

We now fix some notation to refer to the side measures of a rectangle. Let α+ be a side of
the rectangle in Λ+, and let α− be a side of the rectangle in Λ−. Define dx(R) =

∫
α−∩R dx

and dy(R) =
∫
α+∩R dy. By the discussion above, these quantities do not depend on the

choice of side. We define the measure of R to be dx(R)dy(R). We say a non-innermost
rectangle R has positive measure if dx(R)dy(R) > 0, and this will be the case if and only if
its interior intersects leaves of both invariant laminations.

We specify below some notation for rectangles with positive measure, using the conven-
tions in Figure 4.

Suppose that R is a rectangle with positive measure. The rectangle has two sides con-
tained in leaves of Λ+, which we shall label α+ and β+. Similarly, the rectangle has two
sides contained in leaves of Λ−, which we shall label α− and β−.

U

V

α+ β+

α−

β−

R

Figure 4: Opposite quadrants.

Since all sides of R have positive measure, the four leaves containing the sides of R have
distinct endpoints at infinity (no two are asymptotic). They divide S̃h into nine complemen-
tary regions, of which only R is compact. We call a (non-compact) complementary region in

S̃h \R a quadrant if it meets exactly one corner of R. We call a pair of quadrants opposite,
if they meet opposite corners of R. In Figure 4, the regions U and V form a pair of opposite
quadrants.
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We define the optimal height z = z(R) of a positive measure rectangle R to be the value at

which the sides of the rectangle Fz(R) have equal measure, that is Fz(R) is a square in Fz(S̃h).
So if the sides have measures dx(R) and dy(R), the optimal height is 1

2
logk(dy(R)/dx(R)),

where k is the stretch factor of the pseudo-Anosov f , and the measure of each side at the
optimal height is

√
dx(R)dy(R). In particular, the optimal height for a square is at z = 0.

Suppose ℓ1 and ℓ2 are distinct leaves in Λ−. We say that a leaf ℓ+ ∈ Λ+ is a common
positive leaf for ℓ1 and ℓ2 if

• ℓ+ intersects both ℓ1 and ℓ2, and

• the arc of ℓ+ between ℓ1 and ℓ2 has positive measure.

This is illustrated in Figure 5. Similarly, given distinct leaves ℓ1 and ℓ2 of Λ+, we may
define a leaf of Λ− to be common positive leaf for ℓ1 and ℓ2 in the same way.

Since invariant laminations do not contain isolated leaves, by Proposition (6.1), the set
of common positive leaves is a closed set.

The set of common positive leaves can be empty; for example, if no leaf of the comple-
mentary lamination intersects both ℓ1 and ℓ2, or if ℓ1 and ℓ2 are boundary leaves of an ideal
complementary region in which case all complementary arcs between ℓ1 and ℓ2 have measure
zero.

We say that two leaves ℓ1 and ℓ2 of the same lamination bound a rectangle, if the leaves
contain opposite sides of a rectangle with positive measure. In particular, the set of common
positive leaves is non-empty. Identifying ℓ1 with R, we conclude that the intersection points
with ℓ1 of common positive leaves is a closed bounded set. Since invariant laminations have
no isolated leaves, it follows that this closed bounded set contains no isolated points. We call
the common positive leaves that give the extrema of this set the outermost common positive
leaves. It also follows that the arc of ℓ1 (similarly of ℓ2) between the outermost common
positive leaves has positive measure. The arcs of the outermost common positive leaves
together with the arcs of ℓ1 and ℓ2 that they determine, are the sides of an (ℓ1, ℓ2)-maximal
rectangle, that is, the rectangle is not contained in a larger rectangle with sides in ℓ1 and ℓ2.

Suppose that R is an (ℓ1, ℓ2)-maximal rectangle. Then the two sides of R not contained
in ℓ1 or ℓ2, being segments of the outermost common leaves, are contained in boundary
leaves of the other lamination. Maximality of R implies that these sides contain sides of a
non-rectangular polygon. The sides of R in ℓ1 and ℓ2 need not contain sides of an innermost
non-rectangular polygon, and so R may be contained in a larger rectangle, which at least
one of ℓ1 and ℓ2 intersect in its interior.

We now show that there is a lower bound on the measure of an (ℓ1, ℓ2) maximal rectangle.

Proposition 26. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited
pair of measured laminations. Then there is a constant AΛ > 0, such that any two leaves ℓ1
and ℓ2 of Λ+ that have a common positive leaf in Λ− bound an (ℓ1, ℓ2)-maximal rectangle of
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ℓ1

ℓ2

ℓ+

α

I1

I2

Figure 5: Leaves of Λ− intersecting a common leaf of Λ+.

measure at least AΛ. Similarly, any two leaves ℓ1 and ℓ2 of Λ− that have a common positive
leaf in Λ+ bound a maximal rectangle of measure at least AΛ.

Proof. Suppose that there is a sequence of pairs of leaves ℓn, ℓ
′
n containing opposite sides

αn and α′
n of an (ℓn, ℓ

′
n)-maximal rectangle Rn, so that the measure of the (ℓn, ℓ

′
n)-maximal

rectangle Rn tends to zero. Let βn and β′
n be the other sides of the (ℓn, ℓ

′
n)-maximal rectangle.

As the rectangle is (ℓn, ℓ
′
n)-maximal, each side βn (respectively β′

n) contains a side of an

innermost non-rectangular polygon Pn (respectively P ′
n) in S̃h \ (Λ+ ∪Λ−), whose interior is

disjoint from Rn.

As there are only finitely non-rectangular innermost polygons in Sh, we may pass to a
subsequence where the innermost polygons at each end do not change. We denote these
non-rectangular polygons P and P ′. By compactness of Sh, we may pass to a subsequence
of rectangles which converge to a (possibly degenerate) rectangle R of measure zero. A
measure zero rectangle is either an innermost rectangle, or a degenerate rectangle given by a
subinterval of a leaf, or a point. In all cases, at least one of the two leaves ℓ and ℓ′ that arise
as limits of ℓn and ℓ′n respectively, is a boundary leaf of both P and P ′. Breaking symmetry,
suppose ℓ is a boundary leaf of both P and P ′. Orienting ℓ, suppose that P and P ′ lie on
opposite sides of ℓ. Then ℓ cannot be a limit of other leaves from either side and is hence
isolated, a contradiction. Suppose then that P and P ′ lie on the same side of ℓ. Then P
and P ′ are contained in a single ideal complementary region of the lamination containing ℓ,
a contradiction to the fact that the pair of laminations is suited.

We finally record one more useful fact that there is an upper bound on the measure of
any rectangle.

Proposition 27. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a pair of
suited measured laminations with bounded geometry. Then there is a constant Amax such that
any rectangle R with sides in the invariant laminations has measure at most Amax.
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Proof. The vertical flow is measure preserving for rectangles. Let Rz be the image of R
under the vertical flow at optimal height z, at which height Rz is a square, in the intrinsic
Cannon–Thurston metric on S̃h × {z}.

As the pair of laminations has bounded geometry, the Teichmüller geodesic determined
by the pair of laminations is contained in a compact subset of moduli space. In particular,
there are constants Q and c such that for all z, the intrinsic Cannon–Thurston metric on
S̃h × {z} is (Q, c)-quasi-isometric to S̃h.

Every point in S̃h is a bounded distance from an innermost non-rectangular region, hence
every point in S̃h×{z} is a bounded distance from a non-rectangular region. As an innermost
non-rectangular region cannot be contained in a square, there is an upper bound on the
diameter of any square, and hence the measure of the square.

2.8 Corner segments and straight segments

In this section we define some notation that will be useful for describing specific subsegments
of geodesics.

Definition 28. Let γ be a geodesic in (Sh,Λ). We say a compact interval I is a corner
segment if the segment γ(I)

• is properly embedded in an innermost rectangle, and

• the endpoints of γ(I) lies in different laminations.

We include the degenerate case in which I is a point and γ(I) a vertex of an innermost
rectangle.

Corner segments can occur when a geodesic enters or exits an ideal complementary region
through one of its cusps.

Definition 29. Let γ be a geodesic in (Sh,Λ). We say a compact interval I is a straight
segment, if it contains exactly two corner segments, each one adjacent to an endpoint of I.

We now show that for a suited pair of laminations there are exactly two types of straight
segments. Recall that if (Sh,Λ) is suited, then every non-rectangular polygon P is the
intersection P = R+ ∩ R−, where R+ and R− are ideal complementary regions to Λ+ and
Λ− respectively, and each region of R+ \ P and R− \ P is a cusp.

Proposition 30. Let (Sh,Λ) be a hyperbolic metric on S together with a suited pair of
measured laminations, and let γ be a non-exceptional geodesic in Sh. Then every corner
segment is contained in a straight segment, and furthermore, every straight segment consists
of either the intersection of γ with a single ideal complementary region, or the intersection
of γ with the union of two ideal complementary regions intersecting in a non-rectangular
polygon.
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Proof. As γ is non-exceptional, the intersection of γ with any ideal complementary region
R is a compact subinterval. Suppose that γ(I) = γ ∩ R has both endpoints in cusps, i.e.
neither endpoint lies in the non-rectangular polygon. Then both endpoints lie in rectangles,
and hence in corner segments. Thus, γ(I) is a straight segment contained in a single ideal
complementary region.

Now suppose γ(I) = γ∩R has both endpoints in the non-rectangular polygon P = R∩R′

contained in R, where R′ is an ideal complementary region of the other lamination. It follows
that

• γ(I) is contained in γ(I ′) = γ ∩R′, and

• both endpoints of γ(I ′) are in cusps of R′.

Thus γ(I) is again a straight segment contained in a single ideal complementary region.

We may now suppose that exactly one endpoint of γ(I) = γ ∩ R is contained in the
non-rectangular polygon P = R ∩ R′. Then γ(I ′) = γ ∩ R′ contains the other endpoint of
γ ∩ P and so γ(I ∪ I ′) is a straight segment with endpoints in cusps of R and R′.

Finally, we show that the intersection of γ and an innermost polygon is contained in a
straight segment.

Proposition 31. Let (Sh,Λ) be a hyperbolic metric on S together with a suited pair of
measured laminations, and let γ be a non-exceptional geodesic in Sh. Then every intersection
segment γ∩R with an innermost polygon P is contained in a straight segment. In particular,
straight segments are dense in γ.

Proof. Suppose that P = R+ ∩ R− is an innermost polygon, where R+ and R− are ideal
complementary regions of Λ+ and Λ−.

Suppose that P is a rectangle. If γ ∩ P is a corner segment, then we are done by
Proposition 30. So suppose that γ intersects opposite sides of the rectangle P . Breaking
symmetry, assume that the endpoints of γ ∩ P are contained in R+. Each side of P in R+

bounds a cusp in R−, with one of the cusps contained in the other. The geodesic γ therefore
enters the smaller cusp C. Let P ′ be the last innermost rectangle in C that γ ∩C intersects.
Then γ ∩ P ′ is a corner segment. Therefore γ ∩ P is contained in a segment γ ∩ R− which
terminates in a corner segment at one end, and so is a subset of a straight segment by
Proposition 30.

Now suppose that P is not a rectangle. Each region of R+ \ P and R− \ P is a cusp. If
both endpoints of γ ∩P lie in the same lamination, say R+, then γ ∩R− has both endpoints
in cusps of R−. Thus, γ ∩ P is contained in the straight segment γ ∩R−. If both endpoints
of γ ∩ P lie in different laminations, then one endpoint of γ ∩ (R+ ∪ R−) lies in a cusp of
R+ \ P , and the other endpoint lies in a cusp of R− \ P . Again, γ ∩ P is contained in the
straight segment γ ∩ (R+ ∪R−).

22



As innermost regions are dense in Sh, and γ is non-exceptional, intersections of innermost
regions are dense in γ. As every intersection with an innermost region is contained in a
straight segment, straight segments are dense in γ, as required.

2.9 Bottlenecks

The main result of this section is that a non-innermost rectangle in (S̃h,Λ) creates a bottleneck

in S̃h × R, which we now define.

Definition 32. Let X be a geodesic metric space, and let U and V be subsets of X. A set
R ⊂ X is an (r,K)-bottleneck for U and V if the distance from U to V is at least r, and
any geodesic from U to V passes within distance K of R.

We will show that an optimal height rectangle Fz(R) is an (r,K)-bottleneck with respect
to either pair of opposite quadrants. The constants r and K depend on the measure of the
rectangle (as well as various constants depending on the pseudo-Anosov map f), and as the
measure of the rectangle tends to zero, r tends to zero and K tends to infinity.

Lemma 33. (Rectangles create bottlenecks.) Suppose that (Sh,Λ) is a hyperbolic metric on
S together with a full pair of measured laminations. Let R be a rectangle of measure at least
A > 0 and optimal height z. Then there are constants r > 0 and K ⩾ 0 (that depend on f
and A) such that the optimal height rectangle Fz(R) = R × {z} is an (r,K)-bottleneck for
the flow sets F (U) and F (V ) over any pair of opposite quadrants U and V of R.

We start by showing that there is a lower bound on the distance between the suspension
flow sets over opposite quadrants of a transverse rectangle R, in terms of the measure of R.

Proposition 34. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a full pair of
measured laminations. For any A > 0 there is r > 0 such that for any rectangle of measure
at least A, the suspension flow sets over opposite quadrants are Cannon–Thurston distance
at least r apart in S̃h × R.

Proof. Suppose that U and V are opposite quadrants, as illustrated in Figure 4, so U the
region bounded by α+ and α−, and V the region bounded by β+ and β−. Let the correspond-
ing suspension flow sets over these regions be F (U) and F (V ). Suppose that the measures
of the sides of the rectangle R are dx(R) = a > 0 and dy(R) = b > 0. The optimal height of
R is z = 1

2
logk(b/a), and so the measure of the diagonal (from the corner of R meeting U

to the corner of R meeting at V ) at this height is
√
2ab.

We now give a lower bound for the distance in S̃h × R between F (U) and F (V ). Let γ

be a shortest path in S̃h × R from F (U) to F (V ). By definition,
∫
γ
dx ⩾ a and

∫
γ
dy ⩾ b.

Let z+ and z− be the largest and smallest height attained along γ; these exist because γ is
compact. The Cannon–Thurston pseudo-metric length of the diagonal of R at the optimal
height is an upper bound on the length of γ, so the length of γ is at most

√
2ab. We deduce

that the difference in heights between any two points on γ is at most
√
2ab, in particular
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z+ − z− ⩽
√
2ab. The Cannon–Thurston distance in S̃h × R between α+ and β+ at any

height z ⩽ z+ is at least akz− . Similarly, the Cannon–Thurston distance between α− and
β− at any height z ⩾ z− is at least bk−z+ . Therefore the length of γ is at least akz− + bk−z+ .
If we set z0 to be the average of z+ and z−, i.e. z0 =

1
2
(z+ + z−), then

z+ ⩽ z0 +
1
2

√
2ab and z− ⩾ z0 − 1

2

√
2ab.

In particular,

akz− + bk−z+ ⩾ akz0−
√

ab/2 + bk−z0−
√

ab/2,

which may be rewritten as

akz− + bk−z+ ⩾ k−
√

ab/2
(
akz0 + bk−z0

)
.

The right hand side is minimized when z0 = 1
2
logk(b/a), so the length of α is at least

r = k−
√

ab/22
√
ab, which only depends on the measure ab ⩾ A of the rectangle R.

Proposition 35. Suppose that (X, d) is a δ-hyperbolic metric space. Suppose that U and
V are convex sets in X that are distance r ⩾ 0 apart. Then any geodesic from U to V is
contained in N2δ+r(U) ∪N2δ+r(V ) and intersects N2δ+r(U) ∩N2δ+r(V ).

Proof. Suppose that η = [a, b] is a geodesic of length r+ ϵ, where a ∈ U and b ∈ V . Suppose
u is a point of U and v a point of V and γ = [u, v] a geodesic from u to v. By the thin
triangles property, γ is contained in a 2δ-neighborhood of [u, a] ∪ [a, b] ∪ [b, v], and hence in
a 2δ-neighborhood of Nr(U) ∪Nr(V ).

The geodesic η itself is contained in Nr(U) ∩ Nr(V ). If γ passes within distance 2δ
of η, then γ intersects N2δ+r(U) ∩ N2δ+r(V ), as required. Otherwise, γ is contained in a
2δ-neighborhood of [u, a] ∪ [b, v], and hence in a 2δ-neighborhood of U ∪ V . In particular,
there is a point on γ which is distance at most 2δ from both U and V , so γ again intersects
N2δ+r(U) ∩N2δ+r(V ), as required.

Proposition 36. Suppose θ > 0 and r > 0 are constants. Then there is a constant K > 0
such that for any two geodesics γ1 and γ2 in H2 meeting at a point x with an angle at least
θ, we have Nr(γ1) ∩Nr(γ2) ⊆ NK(x) in the hyperbolic metric.

Proof. Suppose that y is a point distance at most r from both γ1 and γ2. Let p1 and p2
be the respective points on γ1 and γ2 closest to y. Then x, y, p1 and x, y, p2 form two right
angled triangles, with angles θ1 and θ2 at x such that θ1 + θ2 = θ. This is illustrated in
Figure 6.

In particular, min{θ1, θ2} ⩾ 1
2
θ, and up to relabeling, we may assume that θ1 ⩾ 1

2
θ. Let

d = d(x, y). Using the sin rule for right angled triangles in H2,

sin θ1 =
sinh r1
sinh d

.
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Figure 6: Intersecting geodesics.

which we may rewrite as

sinh d =
sinh r1
sin θ1

.

We will use the following elementary estimates: for x ⩽ π
2
, sin x ⩾ 1

2
x and sinhx ⩽ 1

2
ex.

Together with θ1 ⩾ 1
2
θ and r1 ⩽ r, we deduce

sinh d ⩽ 1
θ
er.

We may therefore choose K = sinh−1(er/θ) to conclude the proof.

Suppose that R is a rectangle with optimal height z. We now show that for opposite
quadrants U and V for R, the intersection of the metric regular neighborhoods of Fz(U)

and Fz(V ) with the fiber S̃h × {z} are contained in a bounded neighborhood of the optimal
height square Fz(R).

Proposition 37. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a full pair
of measured laminations. For any positive constants A > 0 and r > 0, there is a positive
constant K > 0 such that for any opposite quadrants U and V of a rectangle R with measure
at least A and optimal height z

Nr(Fz(U)) ∩Nr(Fz(V )) ⊂ NK(Fz(R)).

in the hyperbolic metric on S̃h × {z}.

Proof. We may assume that z = 0 and that R is a square with the measures of the sides
satisfying a ⩾

√
A. We will choose K to be the constant from Proposition 36, with the given

choice of r, and θ chosen to be αΛ, the minimal angle of intersection of any two leaves from
each invariant lamination, from Proposition (6.1).

Let x be a point that is distance at most r from both U and V . If x lies in R, there is
nothing to prove. So we may assume that x does not lie in R. We will then show that x
is distance at most r from each pair of intersecting geodesics containing the sides of R. As
these geodesics intersect in the corners of R, the result follows from Proposition 36. We now
give the details.

Suppose x lies in U . We refer to Figure 4. Since any geodesic from x to V crosses both
α+ and α−, the point x lies within distance r of both α+ and α−. These two geodesics meet
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at angle at least αΛ, by Proposition (6.1), so by Proposition 36, x is within distance K of
their intersection point, which is one of the corners of R.

The same argument works if x lies in V , so we may now assume that x does not lie in
either U or V , and breaking symmetry, we may assume that x lies in one of the regions
W1,W2 and W3 in Figure 4. We consider each case in turn.

If x lies in the region W1, then x is distance at most r from both α+ and α−, which
intersect. Similarly, if x lies in the region W2, then x is distance at most r from both α+

and β−, which intersect. Finally, if x lies in the region W3, then x is distance at most r
from both β+ and β−, which intersect. In all three cases, by Proposition (6.1), the angles
of intersection of the leaves is at least αΛ. Hence, Proposition 36 applies and x is contained
in a K-neighborhood of the intersection points of the pairs of geodesics. As the intersection
points are corners of the rectangle R, the result follows.

By the quasi-isometry between the hyperbolic and Cannon–Thurston metric, we deduce
Proposition 37 also in the Cannon–Thurston metric. We now show that any geodesic in
S̃h × R between the suspension flow sets of opposite quadrants is contained in a bounded
neighborhood of the suspension flow sets, and passes within a bounded neighborhood of the
optimal height rectangle.

Proposition 38. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a full pair
of measured laminations. For any positive constant A > 0 there is a positive constant K > 0
such that if γ is any Cannon–Thurston geodesic in S̃h ×R intersecting both suspension flow
sets F (U) and F (V ) of opposite quadrants of a rectangle R with measure at least A and
optimal height z, then γ is contained in NK(F (U) ∪ F (V )), and intersects NK(Fz(R)).

Proof. By Proposition 34, given A > 0, there is a constant r > 0 such that the suspension
flow sets F (U) and F (V ) over opposite quadrants U and V are Cannon–Thurston distance at
least r apart. Since F (U) and F (V ) are convex, by Proposition 35 any geodesic from F (U) to
F (V ) is contained in N2δ+r(F (U)∪F (V )), and passes through N2δ+r(F (U))∩N2δ+r(F (V )).
It therefore suffices to prove that there is a K > 0 such that N2δ+r(F (U)) ∩N2δ+r(F (V )) is
contained in NK(Fz(R)).

We may now assume that the optimal height is z = 0, at which height R is a square of
side lengths a ⩾

√
A. Let (p, z) be a point in S̃h × R that is Cannon–Thurston distance at

most 2δ+ r from both F (U) and F (V ). A path starting at (p, z) with length at most 2δ+ r,
when projected into Sh × {z} along suspension flow lines, changes its length by a factor of
at most k2δ+r. So in the Cannon–Thurston metric on Sh × {z}, the point (p, z) is distance
at most r1 = (2δ + r)k2δ+r from both Fz(U) and Fz(V ). In the intrinsic Cannon–Thurston
pseudometric on Sh×{z}, the distance from U to V is at least max{akz, ak−z}. This implies
that max{akz, ak−z} ⩽ 2r1, and thus |z| ⩽ r2 = logk(2r1) − logk(a). Projecting down to
z = 0 implies that (p, 0) is distance at most r3 = r1k

r2 from both F0(U) and F0(V ).

By Theorem 7, the point (p, 0) lies hyperbolic distance at most r4 = QΛr3+cΛ from both
F0(U) and F0(V ). Let K1 be the constant from Proposition 37, with r chosen to be r4, and

26



the choice of A from the initial assumption above. Proposition 37 now implies that as (p, 0)
lies in Nr4(F0(U)) ∩ Nr4(F0(V )), the point (p, 0) lies in NK1(F0(R)). As |z| ⩽ r2, the point
(p, z) lies in a (K1+r2)-neighborhood of F0(R). So we may choose K = max{2δ+r,K1+r2},
which only depends on A, f and Sh, as required.

3 Quasigeodesics in the Cannon–Thurston metric

In this section, from a non-exceptional geodesic γ in S̃h, we construct an explicit quasi-
geodesic in S̃h×R whose limit points are the images of the limit points of γ by the Cannon–
Thurston map.

Recall that, by definition, the Cannon–Thurston images of the limit points of a non-
exceptional geodesic γ in S̃h are distinct and hence determine a geodesic γ in S̃h ×R, which
we shall call the target geodesic. As the ladder F (γ) of γ is quasiconvex, the target geodesic γ
is contained in a bounded neighborhood of F (γ). In particular, the nearest point projection
of γ to F (γ) is quasigeodesic. In particular, there is a function hγ(t) such that the path
(γ(t), hγ(t)) is quasigeodesic.

In this section we shall define the function hγ in terms of the height function h : T 1(Sh) \
Λ

1 → R from Definition 2, and we will give a specific choice of the constant used in the

definition of this function in Section 3.2.2. We will set h : T 1(Sh) \Λ
1 → R, and then define

hγ(t) = h(γ1(t)). We will call the path τγ(t) = (γ(t), hγ(t)) in F (γ) the test path associated
to γ. We call the function hγ(t) the height function for γ. We will show that the test path

is an (unparametrized) quasigeodesic in S̃h × R connecting the limit points of ι(γ), and we
emphasize that the unit speed parametrization of γ in H2 does not give a quasigeodesic
parametrization of the test path.

We now specify the height function we will use. We shall write logk for the logarithm
function with base k, where k = kf > 1 is the parameter from the definition of the Cannon–
Thurston metric, which is the stretch factor of f in the case that the laminations are the
invariant laminations of a pseudo-Anosov map f .

Definition 39. Let (Sh,Λ) be a hyperbolic metric, together with a regular pair of measured

laminations. Let Λ
1

− and Λ
1

+ be the lifts in T 1(Sh) of the extended laminations determined
by Λ, and let θΛ > 0 be a positive constant. We define the height function hθΛ : T

1(Sh) \
(Λ

1

+ ∪ Λ
1

−) → R to be

hθ(v) = logk

⌊
log

1

dPSL(2,R)(v,Λ
1

+)
− log

1

θΛ

⌋
1

− logk

⌊
log

1

dPSL(2,R)(v,Λ
1

−)
− log

1

θΛ

⌋
1

Here ⌊x⌋c = max{x, c} is the standard floor function. As the two extended laminations
are a positive distance apart in T 1(Sh), for sufficiently small θΛ, at most one of the terms on
the right hand side above will be non-zero.
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We prove below that for a sufficiently small choice of θΛ, the test path determined by the
corresponding height function is quasigeodesic.

Theorem 40. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair
of measured laminations. Then there are constants θΛ > 0, Q ⩾ 1 and c ⩾ 0, such that for
any non-exceptional geodesic γ in Sh, with a unit speed parametrization γ(t), the test path

τγ(t) = (γ(t), hθΛ(γ
1(t))) is an unparametrized (Q, c)-quasigeodesic in S̃h × R with the same

limit points as ι(γ), where hθΛ is the height function from Definition 2.

As we shall fix a sufficiently small constant θΛ, depending only on (Sh,Λ), we shall just
write h for hθΛ . See Section 3.2.2 for the exact choice of θΛ that we use. Furthermore, we
will write hγ(t) for hθΛ(γ

1(t)).

Here is the basic intuition behind Theorem 40. We partition the geodesic γ(t) into arcs
where over each arc either the geodesic is far from both laminations or it comes close to one
of the laminations. If it comes r-close to a lamination, say Λ+ then there is a fellow travel
of length log 1

r
with a leaf ℓ of Λ+. This means that in S̃h × R there is a short cut through

the ladder (hyperbolic plane) of suspension flow lines through ℓ which has maximum height
logk(log

1
r
).

This intuition works well when the geodesic has a large intersection with a complementary
region that is an ideal triangle. There are two main technical issues to address.

Firstly, there may be complementary ideal regions with more than three sides. Suppose
that a geodesic crosses a non-triangular ideal complementary region entering and leaving the
region through non-adjacent cusps and with a very small angle. As the geodesic traverses
through the middle of the complementary region, it is far from all boundary leaves, and yet
the height of the test path in S̃h ×R should be large. In this portion the geodesic is close to
an extended leaf and so we overcome the difficulty by modifying the distance functions to
consider distances to the extended laminations.

Secondly, there can be long geodesic segments that are close to leaves of one of the
laminations, but do not spend very long in any single complementary region. In this case,
we show that the geodesic γ passes though rectangles formed by the stable and unstable
laminations, whose area is bounded below. Furthermore, the endpoints of the geodesic lie
in opposite quadrants of the complementary regions formed by the leaves of the laminations
containing the sides of the rectangles. The image of each rectangle in M̃ , at optimal height
under the vertical flow, is a bottleneck for the union of flow lines through opposite quadrants,
and so the target geodesic in M̃ passes within a bounded distance of the optimal height
rectangle. By definition of the height function, the test path also passes within a bounded
distance of the optimal height rectangle, and hence is close to the target geodesic. The
remaining technical step to check is that the segments of the test path passing through the
bottlenecks have bounded length, and we also do this in Section 3.3.
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3.1 The test path is quasigeodesic

We will use the following criteria due to Farb [Far94] (see also Hoffoss [Hof07, page 216]) to
ensure that a path is a quasigeodesic.

Definition 41. Suppose that (X, d) is a metric space. Suppose that τ is a path in X with
unit speed parametrization and suppose that γ is a geodesic in X. We say that τ makes
(L,M)-uniform progress along γ if there is a constant L such that for any two points distance
at least L apart along τ , the distance between their nearest point projections to γ is at least
M .

Theorem 42. [Far94][Hof07, page 216] Suppose that τ is parametrized unit speed path in H3

such that

• τ is contained in a bounded neighborhood of a geodesic γ, and

• there is a constant L > 0 such that τ makes (L, 1)-uniform progress along γ.

Then τ is a quasigeodesic.

As the Cannon–Thurston pseudo-metric is quasi-isometric to the hyperbolic metric on
H3, it suffices to show the following two results.

Lemma 43. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair of
measured laminations. Then there is a constant K such that for any non-exceptional geodesic
γ in H2, the corresponding test path τγ is contained in a K-neighborhood of γ in S̃h × R.

Let QM and cM be the quasi-isometry constants between S̃h × R and H3. Then (L, 1)-

uniform progress in H3 will be implied by (L′,M)-uniform progress in S̃h × R, where M =
QM + cM . In fact, assuming Lemma 43, any point on τγ is distance at most K from γ.
Therefore, it suffices to show that there is a constant L, such that any pair of points distance
at least L apart along τγ are distance at least M + 2K apart in S̃h × R.

Lemma 44. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair of
measured laminations. Then for any constant M there is a constant L such that for any
non-exceptional geodesic γ, and any two points p and q distance at least L apart along the
test path τγ, the distance in S̃h × R between p and q is at least M .

There are two key tools which we will use to show that these conditions hold.

(1) Tame bottlenecks: Test path segments over corner segments are tame bottlenecks.

Recall that an interval I is a corner segment if γ(I) is embedded in an innermost rect-
angle and the endpoints of γ(I) lie in different laminations. We prove that the test path
segment τγ(I) over γ(I) is a bottleneck for the flow sets over the two complementary
components of γ(R \ I). We also show that the bottleneck is tame, that is, τγ(I) has
bounded length.
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(2) Straight intervals: Test path segments over straight intervals are quasigeodesic.

Recall that an interval I is straight if γ(I) contains exactly two corner segments,
each one adjacent to an endpoint of I. We prove that the test paths segments over
straight intervals are quasigeodesic. There are exactly two cases: either γ(I) is the
intersection of γ with a single ideal complementary region, or the intersection with two
complementary regions intersecting in a non-rectangular polygon.

We now state precise versions of the results described in the two items above, and two
additional properties of the construction we will use. In the next two sections we use these
results to deduce that the test path is quasigeodesic, by showing how Farb’s criterion, namely
Theorem 42 applies.

We first state the tame bottlenecks result. We shall prove it in Section 3.3.

Lemma 45. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair
of measured laminations. Then there are constants r > 0 and K ⩾ 0, such that for any
corner segment I = [t1, t2] of any non-exceptional geodesic γ, there are parameters u ⩽ t1 ⩽
t2 ⩽ v such that the set τγ([u, v]) is an (r,K)-bottleneck for the ladders over γ((−∞, u]) and
γ([v,∞)). Furthermore, the length of τγ([u, v]) is at most K.

We now state the result for test paths over straight intervals. We shall prove this in
Section 3.4.

Lemma 46. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair of
measured laminations. Then there are constants Q and c such that for any non-exceptional
geodesic γ, and any straight interval I, the test path τγ(I) is (Q, c)-quasigeodesic.

3.1.1 The test path is close to a geodesic

In this section, we use Lemma 45 and Lemma 46 to show that the test path τγ lies in a
bounded neighborhood of the geodesic γ, verifying the first condition in Theorem 42.

Lemma 43. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair
of measured laminations. Then there is a constant K > 0 such that for any non-exceptional
geodesic γ in Sh, and for any geodesic γ in S̃h × R connecting the limit points of ι(γ), the
corresponding test path τγ is contained in a K-neighborhood of γ, i.e.

τγ ⊆ NK(γ).

This result is obtained as follows. By Lemma 45, the test path over any corner segment
of γ is a bounded distance from the geodesic γ. By Proposition 30, every straight segment
has both endpoints a bounded distance from the geodesic γ. Stability of quasigeodesics then
implies that the entire straight segment is contained in a bounded neighborhood of γ.

We now give the details for the proof of Lemma 43.
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Proof (of Lemma 43). As γ is non-exceptional, its intersection with each ideal complemen-

tary region has finite diameter. The ideal complementary regions are dense in S̃h, and hence
such intersection segments are dense in γ. By Proposition 30, each such intersection segment
of γ is contained in a straight segment.

By Lemma 45, there is a constant K1 such that if γ(t) is in a corner segment, then τγ(t)
is distance at most K1 from γ. By Lemma 46, there are constants Q and c such that the
test path over any straight segment is (Q, c)-quasigeodesic. As each endpoint of a straight
segment is within distance K1 of γ, we may extend the straight segment at each end by
paths of length at most K1, so that the endpoints of the extended straight segment lie on γ,
and furthermore, this new path is (Q, c+K1)-quasigeodesic.

By stability for quasigeodesics, there is a constant L such that any (Q, c+K1)-quasigeodesic
is contained in an L-neighborhood of any geodesic connecting its endpoints. In particular,
every straight segment is contained in an L-neighborhood of γ. As straight segments are
dense in γ, the result follows.

3.1.2 The test path makes uniform progress

We now prove that the test path makes uniform progress, verifying the second condition in
Theorem 42.

As the Cannon–Thurston pseudo-metric on S̃h × R is quasi-isometric to the hyperbolic
metric, it suffices to show that τγ makes (L,M)-uniform progress along γ, for any L > 0 and

for M = QM + cM , where QM and cM are the quasi-isometry constants between S̃h ×R and
H3. In fact, we will show:

Proposition 47. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair
of measured laminations. Then for any constant M ⩾ 0 there is a constant L ⩾ 0 such that
for any non-exceptional geodesic γ, the test path τγ makes (L,M)-uniform progress along γ.

We now give a brief overview of the argument.

1. Suppose that the point γτ (t1) is an (r,K)-bottleneck for U1 = F (γ((−∞, a1)) and
V1 = F (γ([b1,∞))), and similarly the point γτ (t2) is an (r,K)-bottleneck for U2 =
F (γ((−∞, a2)) and V1 = F (γ([b2,∞))). Then both points τγ(t1) and τγ(t2) are bot-
tlenecks for U = U1 ∩ U2 and V = V1 ∩ V2, and furthermore, the distance between U
and V is at least dS̃h×R(τγ(t1), τγ(t2))− 2K. This gives lower bounds on the distances
between points on the test path. It remains to show that for any two points on the test
path sufficiently far apart along τγ, there are a pair of bottlenecks a definite distance

apart in S̃h × R.

2. Let τγ(t1) and τγ(t2) be two points on the test path sufficiently far apart. Suppose
the corresponding segment γ([t1, t2]) contains a long straight segment γ(I). Then the
test path τγ(I) is quasigeodesic, and so it has definite length. Furthermore, the corner

31



segments at each end of γ(I) give a pair of bottlenecks. Therefore, τγ(t1) and τγ(t2)

are a definite distance apart in S̃h × R.

3. Now suppose that the corresponding segment γ([t1, t2]) of the geodesic in S̃h does not
contain any long straight segments. This implies that there is a constant L such that
every segment of the test path over γ([t1, t2]) with length L contains a corner segment.
By Lemma 45, it has a tame bottleneck. The bottleneck sets for successive tame
bottlenecks are nested and so the distance in S̃h × R increases linearly in the number
of bottlenecks. Thus the test path makes definite progress, as required.

We start with Step 1 by showing that pairs of bottlenecks separate points along the test
path τγ.

Proposition 48. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited
pair of measured laminations. Let γτ (t1) be an (r,K)-bottleneck for U1 = F (γ((−∞, a1]) and
V1 = F (γ([b1,∞))), and similarly let γτ (t2) be an (r,K)-bottleneck for U2 = F (γ((−∞, a2])
and V1 = F (γ([b2,∞))).

Let a = min{a1, a2} and let b = max{b1, b2}. Then for any two points p and q separated

by [a, b], the distance in S̃h×R between τγ(p) and τγ(q) is at least the distance between τγ(t1)
and τγ(t2), up to bounded error 2K, i.e.

dS̃n×R(τγ(p), τγ(q)) ⩾ dS̃n×R(τγ(t1), τγ(t2))− 2K.

Proof. We may assume that p ⩽ a ⩽ b ⩽ q. Let η be a geodesic in S̃h × R connecting τγ(p)
and τγ(q).

By Lemma 45, there are constants r and K such that the points τγ(t1) and τγ(t2)
are (r,K)-bottlenecks for U = F (γ((−∞, a1]) ∩ F (γ((−∞, a2]) = F (γ((∞, a])) and V =
F (γ([b,∞)) = F (γ([b1,∞)) ∩ F (γ([b2,∞))).

As τγ(p) ∈ U and τγ(q) ∈ V , the geodesic η passes within distance K of both τγ(t1) and
τγ(t2), so the length of η is at least dS̃n×R(τγ(t1), τγ(t2))− 2K, as required.

By Lemma 43, the test path τγ is contained in a K-neighborhood of γ. Hence, for an
point p on the test path, its nearest point projection to γ is distance at most K away.
Therefore, the distance between the nearest points on γ of any points p and q on the test
path is at least dS̃h×R(p, q)− 2K apart, so it suffices to estimate distance between points on

the test path in S̃h × R.

For Step 2, suppose that a long segment τγ(I) contains a long straight subsegment.

Proposition 49. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair
of measured laminations. Then for any constant M there is a constant L such that for any
straight segment I and any interval [p, q] such that τγ([p, q]) ∩ τγ(I) has arc length at least

L, the distance in S̃h × R between τγ(p) and τγ(p) is at least M .
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Proof. Let I = [t1, t2]. By Lemma 46, there are constants Q and c such that the test path
τγ(I) over the straight segment is (Q, c)-quasigeodesic. By Definition 29, γ(I) has corner
segments at both ends. By Lemma 45, there are constants r and K, and points ui ⩽ ti ⩽ vi
such that the endpoints τγ(ti) are (r,K)-bottlenecks with respect to Ui = F (γ((−∞, ui]))
and Vi = F (γ([vi),∞)). Furthermore, the lengths of the segments τγ([ui, ti]) and τγ([ti, vi])
are at most K. In particular, the segment τγ([u1, v2]), lying between the initial quadrant for
t1 and the terminal quadrant for t2, is (Q, c+ 2K)-quasigeodesic.

Suppose that [p, q] ⊆ [u1, v2]. Since τγ([u1, v2]) is (Q, c + 2K)-quasigeodesic and the arc

length of τγ([p, q])∩ τγ(I) is at least L, the distance in S̃h × R between τγ(p) and τγ(q) is at
least L/Q− c− 2K.

Now suppose that [p, q] is not contained in [u1, v2]. Then at least one endpoint of [p, q]
lies outside [u1, v2]. Up to reversing the orientation on γ, we may assume that p < u1, and
hence τγ([p, q])∩ τγ(I) = τγ([t1, q]). By assumption, the arc length of τγ([t1, q]) is at least L.

So the distance in S̃h × R between τγ(t1) and τγ(q) is at least L/Q−c−2K. The point τγ(p)
lies in U1, and so by the tame bottleneck property any geodesic from τγ(p) to τγ(q) passes
within distance K of τγ(t1). So the distance from τγ(p) to τγ(q) is at least L/Q− c− 3K.

The result follows if given M we choose L = Q(M + c + 3K), where Q, c and K only
depend on (ShΛ).

We now assume that a segment τγ(I) contains no straight segment of arc length greater
than L. By Definition 29, it follows that every segment τγ(I) of arc length L contains a
corner segment. We now show that in this case the test path makes definite progress.

Proposition 50. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair
of measured laminations. For constants L and M as in Proposition 49 there is a constant
N such that for any segment I of length NL in which every segment of τγ(I) of arc length L

contains a corner segment, the distance in S̃h × R between the endpoints of τγ(I) is at least
M .

Proof. Let I1, . . . , In be consecutive intervals along I such that each test path segment τγ(Ij)
has arc length L, and each segment γ(Ij) contains a corner segment. By lemma 33, each
corner segment is an (r,K)-bottleneck, with respect to a pair of sets Uj = F ((−∞, uj]) and
Vj = F ([vj,∞)), with the arc length of τγ([u, v]) at most K. We may assume that L is
greater than K, and so for any pair of intervals Ij and Ij+2, the segments τγ(uj, vj) and
τγ(uj+2, vj+2) are disjoint, and the bottleneck sets are nested, Uj ⊂ Uj+2 and Vj+2 ⊂ Vj.
In particular, the distance between Uj and Vj+2 is at least 2r. The result now follows by
choosing N ⩾ M/r + 2.

We conclude the proof that test paths are quasigeodesics, assuming Lemma 45 and
Lemma 46. The remainder of this section is devoted to the proof of these two results.
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3.2 Properties of the height function

In this section, we specify the exact choice θΛ for the height function in Definition 2. To do so,
we first define a function that is intermediate between the height function and the distance
in PSL(2,R), which we call the radius function. We discuss its geometric interpretation, and
use it to show that both the radius and the corresponding height functions are Lipschitz. We
also show that both the radius and height functions at a point of intersection of a geodesic γ
with a leaf of an invariant lamination can be estimated in terms of the angle of intersection.

3.2.1 The radius function

In Definition 2, the height function is defined in terms of the distance in PSL(2,R) from the
geodesic to the extended laminations. Intuitively, we can think of distances in PSL(2,R) as
extending the angle of intersection between the geodesic and the laminations to a continuous
function along the geodesic. We define an intermediate function, which we call the radius
function, to be roughly the exponential of the height function, or equivalently, the logarithm
of the distance function in PSL(2,R). Intuitively, this extends the length of the projection
interval to a continuous function along γ. We give below the precise definition, and then
use it to estimate the radius function at an intersection point between a geodesic γ and a
lamination in terms of the angle of intersection.

The angle θ of intersection between γ and a leaf ℓ ∈ Λ determines the radius of both the
exponential interval Eℓ and the projection interval Iℓ. The radii of these intervals is equal
to log 1

θ
, up to bounded additive error. For a single leaf ℓ, we define the radius function ργ,ℓ

to be

ργ,ℓ(t) =

⌊
log

1

dPSL(2,R)(γ1(t), ℓ1)

⌋
1

, (3)

where ℓ1 is the lift of ℓ in PSL(2,R). Up to bounded additive error, the value of the radius
function at a point of intersection equals the radius of the projection interval for the leaf
of intersection. At other points t, again up to bounded additive error, the value of the
radius function equals the largest radius of an interval centered at t that is contained in the
projection interval.

As the distance to one of the extended laminations is the infimum of the distance to
any leaf of the laminations, we may define radius functions for the extended laminations as
follows,

ργ,Λ+
(t) = sup

ℓ∈Λ+

ργ,ℓ(t) and ργ,Λ−
(t) = sup

ℓ∈Λ−

ργ,ℓ(t).

We now estimate the radius function for a lamination at an intersection point using the
radius function for the leaf of intersection. The exponential bounds on the distance between
the lifts of two geodesics to the unit tangent bundle, from Proposition 8, become linear
bounds for the logarithm of the reciprocal of the distance function. In particular, taking
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logarithms of (2) gives

log 1
θ
− |t| − logL0 ⩽ log

1

dPSL(2,R)(γ1(t), ℓ1)
⩽ log 1

θ
− |t|+ logL0, (4)

and these bounds hold for |t| ⩽ log 1
θ
.

Suppose that in PSL(2,R) the point on γ closes to ℓ is γ(tℓ), with dPSL(2,R)(γ(t), ℓ) = θℓ.
Recall that the exponential interval Eℓ for ℓ is [tℓ − 1

log θℓ
, tℓ + log 1

θℓ
]. For a compact interval

I ⊂ R with length |I| and midpoint m, define the absolute value function | · |I to be |t|I =
⌊|I| − |t|⌋0, as illustrated in Figure 7. We remark that for t ∈ I, |t|I is equal to the distance
from t to the nearest endpoint of I, so for any t ∈ I, the interval [t− |t|I , t+ |t|I ] ⊆ I.

tI m

|t|I = ⌊m− |t|⌋0

Figure 7: An absolute value function.

With this notation, we may rewrite (4) as

|t|Eℓ
−K ⩽ ργ,ℓ(t) ⩽ |t|Eℓ

+K, (5)

where K = logL0.

We now use the above observations to show that if the value of the radius function ργ,ℓ(t)
is sufficiently large, then there is an interval centered at t of radius ργ,ℓ(t) (up to bounded
additive error) contained in the exponential interval Eℓ ⊂ γ determined by the leaf ℓ.

Proposition 51. There is a constant K such that for any geodesics γ and ℓ in H2, with
unit speed parametrizations, then if ργ,ℓ(t) ⩾ K, then the interval centered at t of radius
ργ,ℓ(t)−K is contained in the exponential interval Eℓ ⊂ γ determined by ℓ.

Proof. We shall choose K = logL0, where L0 is the constant from (2).

Suppose that in PSL(2,R) the closest point on γ to ℓ is γ(tℓ) and let the closest distance
be θℓ. Then the exponential interval is Eℓ = [tℓ− log 1

θℓ
, tℓ+log 1

θℓ
]. Using (5), if ργ,ℓ(t) ⩾ K,

then t ∈ Eℓ and |ργ,ℓ(t)− |t|Eℓ
| ⩽ K. For points t ∈ Eℓ, the value of |t|Eℓ

is equal to the
distance from t to the nearest endpoint of Eℓ, and so

[t− |t|Eℓ
, t+ |t|Eℓ

] ⊆ Eℓ.

Again, using (5) to estimate ργ,ℓ(t) in terms of the absolute value function |t|Eℓ
gives

[t− (ργ,ℓ(t)−K), t+ (ργ,ℓ(t)−K)] ⊆ Eℓ,

as required.
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We now show that if γ(t1) is an intersection point for γ with a geodesic ℓ1, and if the
radius function at t1 for another geodesic ℓ2 is sufficiently larger than ργ,ℓ1(t1), then the
endpoints of ℓ1 separate the endpoints of ℓ2 and hence ℓ1 and ℓ2 intersect.

Proposition 52. There is a constant K ⩾ 1, such that for any geodesics γ and ℓ1 in H2

which intersect at γ(t1) at angle θ1, then for any other geodesic ℓ2, if the radius function at
t1 is sufficiently large, i.e. ργ,ℓ2(t1) ⩾ log 1

θ1
+K, then ℓ1 and ℓ2 intersect.

Proof. Set K = T0 +K1 + 1, where T0 and K1 are respective constants from Proposition 13
and Proposition 51.

By Proposition 13, the projection interval Iℓ1 ⊂ γ for ℓ1 is contained in [t1 − log 1
θ1

−
T0, t1 + log 1

θ1
+ T0]. As we have chosen K ⩾ K1 + T0 + 1, and we have assumed that

ργ,ℓ2(t1) ⩾ ργ,ℓ1(t1) + K, Proposition 51 implies that the exponential interval Eℓ2 contains
the interval centered at t1 of radius log 1

θ1
+K −K1 ⩾ log 1

θ1
+ T0 + 1, so Iℓ1 ⊂ Eℓ2 , where

the inclusion is strict.

As the exponential interval Eℓ2 is contained in the projection interval Iℓ2 , this implies
that the projection interval Iℓ1 ⊂ Iℓ2 . As ℓ1 intersects γ, Proposition 15 implies that ℓ1 and
ℓ2 intersect, as required.

For later use, we record the following estimate of the radius function of the extended
lamination at an intersection point in terms of the radius function for the leaf of intersection.

Proposition 53. There is a constant K ⩾ 1, such that for any closed hyperbolic surface Sh

and lamination Λ, if a geodesic γ intersects a leaf ℓ ∈ Λ at angle θ at γ(t), then

ργ,ℓ(t) ⩽ ργ,Λ(t) ⩽ ργ,ℓ(t) +K, (6)

where Λ is the extended lamination corresponding to Λ.

Proof. The left hand inequality follows directly from ργ,Λ being the supremum of ργ,ℓ over

all leaves ℓ ∈ Λ.

If ℓ is a leaf of a (non-extended) lamination, then it is disjoint from all leaves in the cor-
responding extended lamination. Proposition 52 shows that the value of the radius function
determined by ℓ, at the intersection point of ℓ and γ, is at least the radius function at that
point determined by any other leaf of the extended lamination, up additive error at most K,
where K is the constant from Proposition 52.

3.2.2 The choice of constant for the height function

The constant θΛ in the definition of the height function needs to be chosen to be sufficiently
small, and it depends on the hyperbolic metric Sh and the pair of regular laminations Λ. We
now give an explicit choice of θΛ which suffices for our purposes. For closed subsets A and
B of the unit tangent bundle T 1(Sh), let

dPSL(2,R)(A,B) = min{dPSL(2,R)(a, b) | a ∈ A, b ∈ B}.
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The constant θΛ needs to be less than half the distance between the extended laminations.
However, our argument uses various properties of the geometry of the laminations, and so
θΛ will also depend on:

1. The constant αΛ from Proposition (6.1), giving the smallest angle of intersection be-
tween leaves of the two laminations.

2. The constant LΛ from Proposition (6.3), giving the diameter of the compact comple-
mentary regions of Sh \ (Λ+ ∪ Λ−).

3. The constant T0 from Proposition 13, giving the size of the nearest point projection
intervals between geodesics in H2.

4. The constant ρΛ from Proposition 14, giving an upper bound on the diameter of the
overlap between the nearest point projections of any two intersecting geodesics ℓ+ ∈ Λ−

and ℓ− ∈ Λ− to any other geodesic γ.

5. The constants QΛ and cΛ from Theorem 7 giving the quasi-isometry between the hy-
perbolic metric dH2 and the Cannon–Thurston pseudometric dS̃h

on S̃h.

6. The constants θ0 and L0 from Proposition 8, giving the bi-Lipschitz bounds on the
rates of divergence of lifts of close geodesics.

7. The constant DΛ from Proposition 24, giving an upper bound on the diameter of any
innermost polygon.

8. The constant θP from Proposition 25, which ensures that the lift of a non-exceptional
geodesic is close in T 1(Sh) to at most one of the extended leaves in an innermost
non-rectangular polygon.

All constants above depend only on (Sh,Λ), and do not depend on the non-exceptional
geodesic γ. We now define θΛ.

Definition 54. Let

θmin = min{αΛ, ρΛ,
1
2
dPSL(2,R)(Λ

1

−,Λ
1

+), θ0,
1
L0
, θP , 1},

and then set
θΛ = θ6mine

−6(T0+LΛ+3ρΛ+DΛ+QΛcΛ),

where all of these constants from Propositions (6.3), 13, 14, 7, 8, 24 and 25 only depend on
(Sh,Λ).
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3.2.3 Estimating the height function

If γ(t) is a point of intersection of γ and a leaf ℓ of one of the (non-extended) laminations,
then we can use the angle of intersection between γ and ℓ to estimate the value of the height
function at the intersection point. In fact, we can define and use a (signed) height function
for a single leaf.

We define the (signed) height function for a single leaf ℓ of one of the invariant laminations,
as follows,

hγ,ℓ(t) =


logk

⌊
ργ,ℓ(t)− log 1

θΛ

⌋
1

if ℓ ∈ Λ+

− logk

⌊
ργ,ℓ(t)− log 1

θΛ

⌋
1

if ℓ ∈ Λ−

,

where again, by our choice of θΛ, at most one of the terms on the right hand side above may
be non-zero.

We can also rewrite the height function in terms of the radius functions for the extended
laminations,

hγ(t) = logk

⌊
ργ,Λ+

(t)− log 1
θΛ

⌋
1
− logk

⌊
ργ,Λ−

(t)− log 1
θΛ

⌋
1
.

We now show that at an intersection point, the signed height function for the leaf of
intersection, which depends only on the angle of intersection, can be used to approximate
the height function for the invariant laminations.

Proposition 55. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair
of measured laminations. Then there is a constant K such that if γ is any non-exceptional
geodesic γ in S̃h, and ℓ+ is a leaf of the invariant lamination Λ+ which intersects γ at γ(t)
at angle θ, then

hγ,ℓ+(t) ⩽ hγ(t) ⩽ hγ,ℓ+(t) +K if θ ⩽ θΛ

hγ(t) ⩽ K if θ ⩾ θΛ.

Similarly, if γ(t) is an intersection point of γ with a leaf ℓ− ∈ Λ− of angle θ, then

hγ,ℓ−(t)−K ⩽ hγ(t) ⩽ hγ,ℓ−(t) if θ ⩽ θΛ

−K ⩽ hγ(t) if θ ⩾ θΛ.

We remark that in Proposition 55, although the definition of the height function depends
on the cutoff constant θΛ, the additive error constant K depends only on (Sh,Λ).

As the radius functions determine the height function, we can now complete the proof
of Proposition 55, showing that the value of the height function at an intersection point is
equal to the value of the leafwise height function for the leaf of intersection at the intersection
point, up to bounded additive error.
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Proof (of Proposition 55). Up to reparametrizing γ by a translation, suppose that γ(0) is an
intersection point of γ with ℓ1 ∈ Λ+ with angle θ. The argument is the same in the other
case up to swapping the laminations and reversing the sign of the height function.

We choose K = logk K1, where K1 ⩾ 1 is the constant from Proposition 52.

We first show the upper bound. As Λ+ is closed, there is a leaf ℓ2 in the extended
lamination Λ+, realizing the height function, i.e. hγ(0) = hγ,ℓ2(0). As ℓ1 is a leaf of Λ+, is it
disjoint from all other leaves in the extended lamination Λ+. Therefore, by Proposition 52
the radius function for ℓ1 is a coarse upper bound for the radius function for ℓ2 at t = 0, i.e.

ργ,ℓ2(0) ⩽ ργ,ℓ1(0) +K1,

where K1 is the constant from Proposition 52. Subtracting log 1
θΛ

from each side gives

ργ,ℓ2(0)− log 1
θΛ

⩽ ργ,ℓ1(0)− log 1
θΛ

+K1.

Using the elementary observation that ⌊x+ y⌋1 ⩽ ⌊x⌋1 + ⌊y⌋1, and as K1 ⩾ 1,⌊
ργ,ℓ2(0)− log 1

θΛ

⌋
1
⩽

⌊
ργ,ℓ1(0)− log 1

θΛ

⌋
1
+K1.

As logk(x) is (1/ log k)-Lipschitz for x ⩾ 1,

hγ,ℓ2(0) ⩽ hγ,ℓ1(0) +K1/ log k,

as required.

For the lower bound, if θ ⩽ θΛ, then by Definition 2, hγ,ℓ+1
(t) is a lower bound for hγ(t).

However, if θ ⩾ θΛ, then the contribution of distance to leaves of Λ+ to the height function
may be zero, and the height function may be determined by distance to leaves of Λ−, and
so then there is no lower bound.

3.2.4 The radius function is Lipschitz

A function f : R → R is c-Lipschitz if |f(x) − f(y)| ⩽ c|x − y|, and for differentiable
functions this is equivalent to |f ′(x)| ⩽ c. In this section, we show that the radius function
is 1-Lipschitz.

Proposition 56. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited

pair of measured laminations. Suppose that γ is a non-exceptional geodesic in S̃h with unit
speed parametrization γ(t). Then the radius functions ργ(t), ργ,Λ+(t) and ργ,Λ−(t) are all
1-Lipschitz.

In fact, as the derivative of logk(x) takes values between 0 and 1/ log k for x ⩾ 1, Propo-
sition 56 also implies that the height function, which is defined in terms of log of the radius
function, is (1/ log k)-Lipschitz, which we record for future reference.
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Corollary 57. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair of
measured laminations. The for any non-exceptional geodesic γ with unit speed parametriza-
tion γ(t), the height function hγ(t) is (1/ log k)-Lipschitz.

Proof. Recall the definition of the height function,

hγ(t) = logk

⌊
ργ,Λ+

(t)− log 1
θΛ

⌋
1
− logk

⌊
ργ,Λ−

(t)− log 1
θΛ

⌋
1
.

If f(x) is 1-Lipschitz, then ⌊f(x)− a⌋b is also 1-Lipschitz for any a and b. As the derivative
of logk(x) takes values in (0, 1/ log k] for x ⩾ 1, each term on the right hand side above
is (1/ log k)-Lipschitz. As a sum or difference of (1/ log k)-Lipschitz functions is (1/ log k)-
Lipschitz, the result follows.

Suppose that γ is a geodesic with unit speed parametrization γ : R → S̃h. Suppose that
R is either an ideal complementary region of one of the invariant laminations, or a compact
complementary region of their union. We define the intersection interval IR to be the closure
of the pre-image γ−1(R). If R is an innermost polygon, then we say that IR is an innermost
intersection interval, i.e. the interior of γ(IR) is disjoint from the invariant laminations.

From Corollary 57 we deduce below that the test path over an innermost intersection
interval has bounded arc length.

Corollary 58. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair of
measured laminations. Then there is a constant K, such that for any innermost intersection
interval γ(IR), the arc length of τγ(IR) is at most K.

Proof. By Proposition (6.3), as the interior of γ(IR) is disjoint from both laminations, the
hyperbolic length of γ(IR) is at most LΛ. By Corollary 57 the height function is (1/ log k)-
Lipschitz. As γ(IR) is disjoint from the invariant laminations, its length is determined by the
vertical z-coordinate, so the length of τγ(IR) is at most K = LΛ/ log k, which only depends
on (Sh,Λ), as required.

We prove below that the radius function determined by a single leaf is 1-Lipschitz. Since
the height is defined in terms of distance in the unit tangent bundle to the two extended
invariant laminations, and the distance to an extended lamination is the infimum of the
distance to all of the leaves in the lamination, the required Lipschitz property for the the
height function will follow from the fact that the supremum of 1-Lipschitz functions is 1-
Lipschitz.

Proposition 59. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited
pair of measured laminations. Then for any geodesic γ with unit speed parametrization γ(t),
and any distinct geodesic ℓ, the radius function ργ,ℓ(t) is 1-Lipschitz.

Proof. We simplify notation by setting d(t) = dPSL(2,R)(γ
1(t), ℓ1). It suffices to bound the

derivative of log dPSL(2,R)(γ
1(t), ℓ1) = log d(t), as this is equal to the negative of the radius
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function where d(t) ⩽ 1/e. When d(t) ⩾ 1/e, the radius function is the constant function 1,
and is automatically 1-Lipschitz.

Let α be a geodesic arc in PSL(2,R), realizing d(t) = dPSL(2,R)(γ
1(t), ℓ1), i.e. length(α) =

d(t). Let ϕt : PSL(2,R) → PSL(2,R) be the geodesic flow on PSL(2,R). Then ϕhα is
a path in PSL(2,R) from γ(t + h) to ℓ. It is well known that the geodesic flow ϕh in
PSL(2,R) expands or contracts distances by at most eh, see for example [Man91, page 75].
So length(ϕhα) ⩽ ehd(t). Since the length of ϕtα is an upper bound for the distance from
γ(t+ h) to ℓ, we have

d(t+ h) ⩽ ehd(t). (7)

Similarly, let β be a geodesic in PSL(2,R) realizing the distance from γ(t+h) to ℓ. Then
ϕ−hβ is a path from γ(t) to ℓ. This gives an upper bound of ehlength(β) on the distance
from γ(t) to ℓ, and hence

d(t) ⩽ ehd(t+ h). (8)

Combining (7) and (8) gives

log e−hd(t)− log d(t) ⩽ log d(t+ h)− log d(t) ⩽ log ehd(t)− log d(t)

which simplifies to
|log d(t+ h)− log d(t)| ⩽ |h|.

Thus, the radius function determined by a single geodesic is 1-Lipschitz, as required.

We may now complete the proof of Proposition 56.

Proof of Proposition 56. As ργ(t) = max{ργ,Λ+(t), ργ,Λ−(t)} it suffices to show that ργ,Λ+(t)
and ργ,Λ−(t) are 1-Lipschitz. We give the argument for Λ+, the same argument works for
Λ−.

The distance from γ1(t) to the extended lamination Λ
1

+ is the infimum of distances to

each leaf ℓ1 ∈ Λ
1

+, that is

dPSL(2,R)(γ
1(t),Λ

1

+) = inf
ℓ∈Λ+

dPSL(2,R)(γ
1(t), ℓ1).

Recall the definition of the radius function,

ργ,Λ+(t) =

⌊
log

1

dPSL(2,R)(γ1(t),Λ
1

+)

⌋
1

,

as the reciprocal function is decreasing, and the logarithm function is increasing,

ργ,Λ+(t) = sup
ℓ∈Λ+

ργ,ℓ(t).

The radius function for an individual leaf is 1-Lipschitz by Proposition 59, and a supremum of
1-Lipschitz functions is 1-Lipschitz, and so the radius function is 1-Lipschitz, as required.
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3.3 Tame bottlenecks

In this section, we prove Lemma 45 that corner segments create tame bottlenecks. To do
so, we first define transverse rectangles for a geodesic, namely rectangles of positive measure
such that the geodesic crosses all leaves containing the sides of the rectangle. We then show
that transverse rectangles give rise to bottlenecks. Our construction does not come with a
bound on the arc length of the test path segment between the bottleneck sets. However, we
show that by making the rectangles smaller and thus increasing the size of the bottleneck
sets, there is a transverse rectangle with a bound on arc length of the test path segment, i.e.
the bottlenecks are tame.

3.3.1 Transverse rectangles

Definition 60. Given a geodesic γ, we say that a rectangle of positive measure is a transverse
rectangle for γ if γ crosses all leaves containing the sides of the rectangle.

U

V

α+ β+

α−

β−

γ

W1

W2

W3

R

Figure 8: A transverse rectangle.

A choice of unit speed parametrization for a geodesic γ orders the leaves of the laminations
intersecting γ. Using the ordering and our conventions for rectangles illustrated in Figure 8,
we specify some notation for transverse rectangles. Note that the geodesic need not itself
intersect the rectangle.

Definition 61. Suppose that γ is a non-exceptional geodesic parametrized with unit speed.
Suppose that γ intersects leaves ℓ1 and ℓ2 in either invariant lamination Λ+ ∪ Λ− at points
γ(t1) and γ(t2), respectively. If t1 ⩽ t2 then we say that ℓ1 ⩽γ ℓ2.
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Suppose that R is a rectangle with positive measure transverse to a geodesic γ. The
rectangle has two sides contained in leaves of Λ+, which we shall label α+ and β+ so that
α+ ⩽γ β+. Similarly, the rectangle has two sides contained in leaves of Λ−, which we shall
label α− and β− so that α− ⩽γ β−.

As γ is oriented, it has an initial limit point γ− and a terminal limit point γ+. We call
the quadrant whose limit set contains γ− the initial quadrant, and the quadrant whose limit
set contains γ+ the terminal quadrant. Using our notation illustrated in Figure 8, the region
U , with boundary contained in α+ and α−, is the initial quadrant, and the region V , with
boundary contained in β+ and β−, is the terminal quadrant.

Suppose that a non-exceptional geodesic γ is transverse to a rectangle R with optimal
height z. The main result of this section is that the optimal height rectangle Fz(R) is a
(r,K)-bottleneck with respect to the flow sets over the initial and terminal quadrants. The
constant K depends on the measure of the rectangle (as well as various constants depending
on (S,Λ)), and tends to infinity as the area of the rectangle tends to zero. In particular, the

geodesic γ in S̃h × R with the same limit points as the path ι(γ) passes within a bounded
distance of the square Fz(R).

Lemma 62. (Transverse rectangles create bottlenecks.) Suppose that (Sh,Λ) is a hyperbolic
metric on S together with a suited pair of measured laminations. Suppose that γ is a non-
exceptional geodesic that intersects a rectangle R with measure at least A > 0 and optimal
height z. Then there are constants r > 0 and K ⩾ 0 (that depends on Λ and A) such that
the optimal height rectangle Fz(R) = R × {z} is an (r,K)-bottleneck for the flow sets F (U)
and F (V ) over the initial and terminal quadrants of R.

In particular, the geodesic γ in S̃h × R with the same limit points as ι(γ) passes within

Cannon–Thurston distance K of the optimal height rectangle Fz(R) in S̃h × R.

3.3.2 Outermost rectangles for small angles

Suppose that a leaf ℓ intersects γ at γ(t). Since the laminations are closed, there is a unique
transverse rectangle containing γ(t) whose side along ℓ has the largest measure among all
such rectangles. We call this the outermost transverse rectangle determined by γ and ℓ. We
show that as long as the angle between ℓ and γ is sufficiently small, the area of the outermost
rectangle is bounded below.

Definition 63. Suppose that γ is a non-exceptional geodesic intersecting a leaf ℓ− ∈ Λ−
at a point p. We say that a transverse rectangle R containing p is outermost if it has the
following properties.

• The sides α+ ⩽γ β+ of R are contained in the outermost leaves of Λ+ intersecting both
γ and ℓ−.

• The sides α− ⩽γ β− are contained in the outermost leaves of Λ− intersecting all α+, β+

and γ.
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Similarly, if p is an intersection point of γ and a leaf ℓ+ of Λ+, we say a transverse rectangle
R is outermost if it has the properties above with the two invariant laminations swapped.

Proposition 64. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited
pair of measured laminations. Let QΛ and cΛ be the constants from Theorem 7 and let θΛ be
the constant from Definition 54. Then there are positive constants A > 0 and K ⩾ 0 such
that for any non-exceptional geodesic γ in Sh, with unit speed parametrization, and with γ(t)
a point of intersection between γ and a leaf ℓ ∈ Λ+ with angle θ ⩽ θΛ, then the outermost
transverse rectangle R determined by γ ∩ ℓ has the following properties.

(64.1) Let ℓ have a unit speed parametrization in the hyperbolic metric. Then the segment
ℓ lying between α− and β− is an interval ℓ([−r1, r2]) where ri = log 1

θ
up to additive

error at most 1
6
log 1

θΛ
−cΛ, where ℓ has unit speed parametrization with intersection

point ℓ(0) with γ.

(64.2) The sides of R in Λ+ have measure dy(R) satisfying

0 < 5
3QΛ

log 1
θΛ

⩽ 2
QΛ

(log 1
θ
− 1

6
log 1

θΛ
) ⩽ dy(R) ⩽ 2QΛ(log

1
θ
+ 1

6
log 1

θΛ
).

(64.3) The measure of the rectangle R is at least A = AΛ/(3Q
2
Λ) > 0.

(64.4) The sides of R in Λ− have measure dx(R) satisfying

0 <
Af

2QΛ(log
1
θ
+ 1

6
log 1

θΛ
)
⩽ dx(R) ⩽

AΛ

2
QΛ

(log 1
θ
− 1

6
log 1

θΛ
)
,

where AΛ > 0 is the constant from Proposition 26.

(64.5) The rectangle R has optimal height logk log
1
θ
up to additive error at most K.

The same holds for γ intersecting a leaf ℓ of Λ−, except bounds on the measures of the
sides in Λ+ and Λ− are swapped, and the optimal height of the outermost transverse rectangle
is − logk log

1
θ
up to additive error at most K.

Proof. Given a hyperbolic metric Sh and a suited pair of laminations Λ, we recall various
constants from previous results. Let θΛ > 0 be the constant from Definition 54. In this
argument, we will use the fact that θΛ ⩽ α2

Λe
−2T0−2LΛ−2QΛcΛ , where αΛ is defined in Proposi-

tion (6.1), T0 is the constant from Proposition 13, LΛ is the constant from Proposition (6.3),
and QΛ and cΛ are the quasi-isometry constants from Theorem 7.

To simplify expressions, we will define a sequence of constants Ti during the argument.
They will all depend only on PSL(2,R) or (Sh,Λ) and in particular, not on θ.

Suppose that a leaf ℓ of Λ− intersects a non-exceptional geodesic γ at the point γ(t) with
angle θ ⩽ θΛ. We parametrize ℓ with unit speed so that the intersection point is ℓ(0).
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By Proposition 13, the image of γ under nearest point projection to ℓ is equal to an
interval ℓ(Iγ), where Iγ = [−Tγ, Tγ] is a symmetric interval about t = 0, where Tγ satisfies
log 1

θ
⩽ Tγ ⩽ log 1

θ
+ T0.

By Proposition (6.3), there is a constant LΛ > 0 such that every segment of ℓ of length LΛ

intersects a leaf of Λ−. In particular, for any interval of ℓ with length LΛ, nested sufficiently
far inside the projection interval for γ onto ℓ,

• there will be a leaf of Λ− intersecting the interval, and

• the nearest point projection interval of this leaf will be contained in the nearest point
projection interval for γ on ℓ.

It follows that the endpoints of this leaf and the endpoints of γ are linked on the boundary
circle, and so γ and the leaf intersect, as in Proposition 15.

Similarly, for any interval of ℓ of length LΛ, sufficiently far from the projection interval
for γ, the leaves that intersect the interval will have projection intervals onto ℓ which are
disjoint from the projection interval of γ onto ℓ, and so these leaves are disjoint from γ.

We wish to produce leaves of Λ− intersecting ℓ close to the endpoints of ℓ(Iγ). To do so,
we begin by picking four intervals I1, . . . , I4 in ℓ, all of length LΛ, chosen so that

• the intervals ℓ(I1) and ℓ(I4) are the innermost among intervals in ℓ − ℓ(Iγ) such that
any leaf of Λ+ intersecting ℓ(I1) or ℓ(I4) does not intersect γ; and

• the intervals ℓ(I2) and ℓ(I3) are the outermost among intervals in ℓ(Iγ) so that any leaf
of Λ+ that intersects them also intersects γ.

We claim that the choice of the intervals is possible by sufficient nesting that does not
depend on θ. We choose T1 to be an upper bound on the radius of the nearest projection
of any leaf ℓ+ ∈ Λ+ to any leaf ℓ− ∈ Λ+. As the angle of intersections of leaves in Λ+ with
leaves in Λ− is at most αΛ by Proposition (6.1), we may choose

T1 = T0 + log 1
αΛ

, (9)

by Proposition 12. This choice of T1 does not depend on the angle θ between γ and ℓ. We
will choose the outer intervals I1 and I4 to be distance T1 outside Iγ, and we will choose the
inner intervals I2 and I3 to be nested distance T1 inside Iγ. This is illustrated in Figure 9.

In order for our construction to work, the projection interval Iγ for γ must be sufficiently
large. We will require Tγ ⩾ T1 + LΛ. Equivalently, Tγ = log 1

θ
⩾ T0 + log 1

αΛ
+ LΛ, which is

satisfied as long as θ ⩽ αΛe
−T0−LΛ . This is guaranteed by our choice of θΛ from Definition 54,

and so Tγ is large enough to construct the nested intervals.

Consider now the first interval ℓ(I1). Since its length is Lf , there is a leaf ℓ−1 of Λ− which
intersects ℓ, say at ℓ(t1) for t1 in I1. Since the angle of intersection between any two leaves
is at least αΛ, the nearest point projection interval ℓ(Iℓ−1 ) onto ℓ is contained in a symmetric
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ℓ
γ(t) = ℓ(0)ℓ(−Tγ) ℓ(Tγ)ℓ(Iγ)

ℓ(I1) ℓ(I2) ℓ(I3) ℓ(I4)
T1 T1 T1 T1

Figure 9: Projection intervals on ℓ.

interval of radius log 1
αΛ

+ T0 centered at t1. This radius is equal to our choice of T1, and so

ℓ(Iℓ−1 ) is disjoint from the projection interval ℓ(Iγ) for γ. In particular, ℓ−1 is disjoint from
γ. This is illustrated in Figure 10. Exactly the same argument shows that there is a leaf
ℓ−4 of Λ− intersecting ℓ(I4) which is disjoint from γ. In Figure 10 we have drawn γ(t) in the
interior of the rectangle we construct, but γ(t) may in fact lie on the boundary, as ℓ may be
a boundary leaf of the rectangle.

Now consider the second interval ℓ(I2). As this interval has length Lf , there is a leaf ℓ−2 of
Λ− which intersects ℓ, say at ℓ(t2) in this interval ℓ(I2). Again, as the angle of intersections
is at least αΛ, the nearest point projection interval ℓ(Iℓ−2 ) for this leaf onto ℓ is contained in

a symmetric interval of radius log 1
αΛ

+ T0 centered at t2. This radius is equal to our choice

of T1, and so ℓ(Iℓ−2 ) is contained inside the projection interval ℓ(Iγ) for γ. Hence ℓ−2 and γ

intersect. Exactly the same argument shows that there is a leaf ℓ−3 of Λ− intersecting ℓ(I3)
which also intersects γ.

ℓ
ℓ(t2)

ℓ−2

ℓ(t3)

ℓ−3

ℓ(t1)

ℓ−1

ℓ(t4)

ℓ−4

γ

γ(t) = ℓ(0)

θ

⩾ 2Tγ − 2T2

⩽ 2Tγ + 2T2

⩾ AΛ

2Tγ+2T2

Figure 10: Small angles give long transverse rectangles.

The subinterval of ℓ between ℓ−2 and ℓ−3 will be contained in the rectangle we construct.
We now verify that this subinterval satisfies the bounds on hyperbolic length from Proposi-
tion (64.1). Let ρθ be the minimum distance from ℓ(0) to either of the leaves ℓ−2 and ℓ−3 . By
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our choice of intervals above,

log 1
θ
− T1 − LΛ ⩽ ρθ ⩽ log 1

θ
+ T0 − T1.

Recall that T1 = T0 + log 1
αΛ

, which gives

log 1
θ
− T0 − log 1

αΛ
− LΛ ⩽ ρθ ⩽ log 1

θ
− log 1

αΛ
.

In order to show the bounds from Proposition (64.1), it therefore suffices to show that

1
6
log 1

θΛ
− cΛ ⩾ T0 + log 1

αΛ
+ LΛ.

Equivalently,

log 1
θΛ

⩾ 6(T0 + log 1
αΛ

+ LΛ + cΛ). (10)

and (10) follows directly from our choice of θΛ in Definition 54, which in fact satisfies the
stronger estimate

log 1
θΛ

⩾ 6(T0 + log 1
αΛ

+ LΛ +QΛcΛ), (11)

as QΛ ⩾ 1.

The bound on the hyperbolic length of the subinterval of ℓ between ℓ−2 and ℓ−3 immediately
gives the bound on the measure of the subinterval from Proposition (64.2), using the quasi-
isometry between the hyperbolic and flat metric, Theorem 7. In particular, as θ ⩽ θΛ, the
measure of this subinterval of ℓ is at least 2

QΛ
(log 1

θ
− 1

6
log 1

θΛ
) ⩾ 5

3QΛ
log 1

θΛ
, which is positive.

Hence, by Proposition 26, the leaves ℓ−2 and ℓ−3 bound a maximal rectangle of area at least
AΛ containing this subinterval of ℓ.

By our choice of intervals, the distance between t2 and t3 is at least 2(Tγ−T1−LΛ). Sim-
ilarly, the distance between t1 and t4 is at most 2(Tγ +T1+LΛ). For notational convenience,
set

T2 = T1 + LΛ. (12)

Since the arc of ℓ between the intersection points with ℓ−1 and ℓ−4 contains the arc of ℓ
between ℓ−2 and ℓ−3 , by Proposition 26, the leaves ℓ−1 and ℓ−4 also bound a rectangle of area
at least AΛ. Note that the hyperbolic length of the arc of ℓ between ℓ−1 and ℓ−4 is at most
2(Tγ + T2). So the horizontal measure of the rectangle bounded by ℓ−1 and ℓ−4 is at most
2QΛ(Tγ + T2) + cΛ. For notational convenience, set T3 = T2 +

1
2
QΛcΛ, and observe that (11)

shows that
log 1

θΛ
⩾ 6T3 ⩾ 2T3, (13)

where we use the weaker lower bound to simplify constants in the following calculations. In
particular, Tγ − T3 ⩾ log 1

θΛ
− T3 ⩾ T3 > 0 is positive.
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The vertical measure of the rectangle bounded by ℓ−1 and ℓ−4 is therefore at leastAΛ/(2QΛ(Tγ+
T2) + cΛ) ⩾ AΛ/(2QΛ(Tγ + T3)), where the last inequality follows by our choice of T3, and
the fact that QΛ ⩾ 1.

The intersection of the two rectangles above is a transverse rectangle for γ. This is
because, by construction, the leaves ℓ−2 and ℓ−3 intersect γ. Furthermore, as ℓ−1 and ℓ−4 are
disjoint from γ, and lie on opposite sides of γ, every leaf of Λ+ which intersects both ℓ−1 and
ℓ−4 also intersects γ. The measure of the arc of ℓ between ℓ−2 and ℓ−3 is therefore equal to the
measure of each side of the rectangle in Λ+, and so Proposition (64.2) holds.

By the measure estimates above, the measure of the transverse rectangle is at least

AΛ

2
QΛ

(Tγ − T3)

2QΛ(Tγ + T3)
=

AΛ

Q2
Λ

Tγ − T3

Tγ + T3

.

Since Tγ ⩾ 2T3, by (13), it follows that the measure of the transverse rectangle is at least
1

3Q2
Λ
AΛ, so we may choose A1 =

1
3Q2

Λ
AΛ > 0. This completes the proof of Proposition (64.3).

Proposition (64.4) is an immediate consequence of Proposition (64.1) and Proposition (64.3).

We now estimate the optimal height of the rectangle to show the final statement Propo-
sition (64.5). Recall that the optimal height z is 1

2
logk(y/x), where x and y are the measures

of the horizontal and vertical sides. Therefore

1
2
logk

2
QΛ

(Tγ − T3)
AΛ

2
QΛ

(Tγ−T3)

⩽ z ⩽ 1
2
logk

2QΛ(Tγ + T3)
AΛ

2QΛ(Tγ+T3)

, (14)

which we may rewrite as

logk
2

QΛ
√
AΛ

(Tγ − T3) ⩽ z ⩽ logk 2
QΛ√
AΛ

(Tγ + T3). (15)

We will use the following elementary bounds: for x ⩾ a, x/2 ⩽ x− a; and for a ⩾ 2, b ⩾ 2,
logk(a+ b) ⩽ logk a+ logk b. This gives

logk Tγ − logk QΛ

√
AΛ ⩽ z ⩽ logk Tγ + logk 2

QΛ√
AΛ

+ logk T3

Using log 1
θ
⩽ Tγ ⩽ log 1

θ
+ T0 gives

logk log
1
θ
− logk QΛ

√
AΛ ⩽ z ⩽ logk log

1
θ
+ logk T0 + logk 2

QΛ√
AΛ

+ logk T3. (16)

We may choose K = max{logk QΛ

√
AΛ, logk T0 + logk 2

QΛ√
AΛ

+ logk T3}, as required.
Finally, if γ intersects a leaf of Λ− instead of Λ+, the bounds on the lengths of the hori-

zontal and vertical measures of the rectangle are swapped but otherwise the entire argument
above goes through. The bounds on the optimal height from (14) then become

1
2
logk

2QΛ(Tγ + T3)
AΛ

2QΛ(Tγ+T3)

⩽ z ⩽ 1
2
logk

AΛ
2
QΛ

(Tγ−T3)

2
QΛ

(Tγ − T3)
.
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Multiplying the line above by −1 reverses the inequalities and takes the reciprocals of the
fractions inside the log which exactly gives (15), except with the z replaced by −z. In
particular, the bounds from (16) hold for −z, as required.

3.3.3 Truncated rectangles for small angles

Suppose that γ(t) is an intersection point with a sufficiently small angle of a non-exceptional
geodesic with a leaf of an invariant lamination. By Lemma 33 and Proposition 64, the
corresponding point τγ(t) is a bottleneck. However, in Proposition 64, the geodesic γ may
intersect the boundaries of the initial and terminal quadrants arbitrarily far from the outer-
most transverse rectangle R. Hence, there is no upper bound on the length of γ([u, v]). We
now show how to truncate R to achieve a tame bottleneck, i.e. a bottleneck where there is a
bound on the length of the path τγ([u, v]) between the initial and terminal quadrants. The
measure of the sides of the truncated rectangle will be a definite proportion of the measure
of the sides of R.

Definition 65. We say a rectangle R0 ⊂ R is ϵ-nested inside R, if the leaves containing
the sides of R0 divide R into subrectangles Ri, all of which have measures of sides bounded
below as follows:

dx(Ri) ⩾ ϵ dx(R) and dy(Ri) ⩾ ϵ dy(R).

Obviously, Definition 65 needs ϵ < 1/3 and our eventual choice in Proposition 67 is
smaller.

Definition 66. We say a rectangle R0 ⊂ R is an ϵ-truncated rectangle, if it has the following
properties.

1. The rectangle R0 has the same optimal height as R.

2. The rectangle R0 is ϵ-nested inside R.

By definition the measure of the truncated rectangle is bounded below in terms of the
measure of the original rectangle. In particular, dx(R0)dy(R0) ⩾ ϵ2dx(R)dy(R). We will
label the sides of R0 using the same convention as the sides for R, using superscripts to
distinguish them, i.e. the sides in Λ+ are α0

+ and β0
+, and the sides in Λ− are α0

− and β0
−.

This is illustrated in Figure 11.

Proposition 67. Let (Sh,Λ) be a choice of hyperbolic metric and suited pair of a lamina-
tions. Then there are constants θΛ > 0 and ϵ > 0 such that for any point of intersection γ(t)
between a non-exceptional geodesic γ and leaf ℓ ∈ Λ+ of angle θ ⩽ θΛ, and any corresponding
outermost rectangle R, there is an ϵ-truncated rectangle R0 ⊂ R such that the segment of
ℓ lying between α0

− and β0
− is ℓ([−r1, r2]), where ri =

1
2
log 1

θΛ
, up to additive error at most

1
6
log 1

θΛ
− cΛ, where here ℓ has a unit speed parametrization such that ℓ(0) is the intersection

point with γ.
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R
R0

Rβ

U0

V 0

U

V

α+

β+

α0
+

β0
+

α− β−α0
− β0

− ρ1−

ρ2−

γ(u)

γ(u0)

γ(v0)

γ(v)

Figure 11: A truncated rectangle at optimal height.

Proof. Suppose that γ(t) is an intersection point between γ and ℓ+ ∈ Λ+ of angle θ ⩽ θΛ,
and let R be the corresponding outermost rectangle. We shall choose ϵ = 1/(18Q2

Λ) > 0,
which only depends on (Sh,Λ).

We now construct a smaller rectangle R0 strictly contained inside R. We shall label the
sides of R and R0 using the notation from Figure 11. We first choose the sides α0

− and β0
− of

R0 in Λ−. As before, give ℓ a unit speed parametrization with the intersection point being
ℓ(0) = γ(t). Let a < a0 < 0 < b0 < b be the parameters giving the intersections of ℓ with
the sides of R and R0, i.e. ℓ(a) = ℓ ∩ α−, ℓ(a

0) = ℓ ∩ α0
−, ℓ(b

0) = ℓ ∩ β0
− and ℓ(b) = ℓ ∩ β−.

Choose intervals I1 = ℓ(−T − LΛ,−T ) and I2 = ℓ(T, T + LΛ), where T = 1
2
log 1

θ
, where

LΛ is the constant from Proposition (6.3). Let α0
− be the last leaf of intersection of I1 with

Λ−, and let β0
− be the first leaf of intersection of I2 with Λ−. Then the segment ℓ([a0, b0])

between α0
− and β0

− is of the form ℓ(−r1, r2), where ri =
1
2
log 1

θ
, up to additive error LΛ.

The required bound on the additive error follows as LΛ ⩽ 1
6
log 1

θΛ
− cΛ, by our choice of θΛ

from Definition 54.

We now verify that we may construct a rectangle R0 ⊂ R which is ϵ-truncated. Let
ℓ([a, a0]) be the segment of ℓ between α− and α0

−. The hyperbolic length of ℓ([a, a0]) is
bounded below by

lengthSh
(ℓ([a, a0]) ⩾ 1

2
log 1

θ
− 1

3
log 1

θΛ
+ 2cΛ,

and so using the quasi-isometry between the hyperbolic and Cannon–Thurston metrics, the
measure of this segment is at least

dy(ℓ([a, a0])) ⩾ 1
QΛ

(1
2
log 1

θ
− 1

3
log 1

θΛ
+ cΛ),

which is positive as θ ⩾ θΛ. Using the upper bound on dy(R) from Proposition (64.2), the
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ratio of the measure of this segment and the measure of dy(R) is then bounded by

dy(ℓ([a, a0]))

dy(R)
⩾

1
QΛ

(1
2
log 1

θ
− 1

3
log 1

θΛ
+ cΛ)

2QΛ(log
1
θ
+ 1

2
log 1

θΛ
)

⩾
1

18Q2
Λ

= ϵ > 0,

where the right hand inequality follows as QΛ ⩾ 1. The same argument applies to the
segment ℓ([b0, b]) between β0

− and β−.

Finally, a lower bound on the ratio dy(R0)/dy(R) is given by

dy(R0)

dy(R)
⩾

1
QΛ

(log 1
θ
− 1

3
log 1

θΛ
+ cΛ)

2QΛ(log
1
θ
+ 1

2
log 1

θΛ
)

⩾
2

9Q2
Λ

= 4ϵ > ϵ > 0,

and as the measures of the three segments ℓ([a, a0]), ℓ([a0, b0]) and ℓ([b0, b]) sum to dy(R),
we obtain

0 < 4ϵ ⩽
dy(R0)

dy(R)
⩽ 1− 2ϵ < 1. (17)

We may choose the other two sides α0
+ and β0

+ of R0 such that the measure dx(R0) =
dy(R0)dx(R)/dy(R), so both R and R0 have the same optimal height. Furthermore, we may
choose the sides so that the leaf of Λ+ that bisects R in terms of measure, also bisects R0 in
terms of measure. In particular, the bounds on the ratios of the measures of dy(R0)/dy(R)
from (17) applies to the ratio of the measures dx(R0)/dx(R). As R0 is centered symmetrically
in R with respect to the measure dx, each of the complementary rectangles formed from the
intersections of α0

+ and β0
+ with R have sides with dx-measure ratio at least ϵ, as required.

3.3.4 Small angles create tame bottlenecks

In this section, we show that the truncated rectangles give rise to tame bottlenecks.

Corollary 68. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair of
measured laminations. Then there are positive constants θΛ > 0 (from Definition 54), r > 0
and K ⩾ 0 such that for any non-exceptional geodesic γ in Sh with unit speed parametrization
γ(t), if γ intersects a leaf ℓ at γ(t) with angle θ ⩽ θΛ, then there are parameters u < t < v
such that the segment of the test path τγ([u, v]) is an (r,K)-bottleneck for the ladders over
γ((−∞, u]) and γ([v,∞)), and furthermore, the length of the test path τγ([u, v]) is at most
K.

Except for the bound on the arc length of the segment of τγ between the bottleneck
sets given by the initial and terminal quadrants, all properties in Corollary 68 follow from
Proposition 67 and Proposition 64. We derive the arc length bound now.

A truncated rectangle at optimal height is shown in Figure 11. We shall write U0 and V 0

for the initial and terminal quadrants of R0. Since U ⊂ U0 and V ⊂ V 0, it follows that if R
is a transverse rectangle for γ, then the truncated rectangle R0 is also a transverse rectangle
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for γ. We shall write γ(u0) and γ(v0) for the points at which γ intersects the boundaries of
the initial and terminal quadrants U0 and V 0.

To prove Corollary 68, it therefore suffices to prove that the segment γτ ([u
0, v0]) has

bounded length.

Proposition 69. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited
pair of measured laminations. There is a constant θΛ such that for any 0 < ϵ < 1 there
is a constant K such that for any ϵ-truncated outermost rectangle R0, determined by an
intersection point of γ with a leaf of an invariant lamination ℓ of angle at most θΛ, the arc
length of τγ([u

0, v0]) is at most K.

We first verify Corollary 68 from Proposition 69.

Proof (of Corollary 68). By Proposition 64, there are constants θΛ and A > 0 such that if
γ(t) is an intersection point of γ with ℓ of angle θ ⩽ θΛ, then there is an outermost rectangle
R containing γ(t) of area at least A. By Proposition 67, there is an ϵ > 0 such that the
rectangle R contains an ϵ-truncated outermost rectangle R0 of area at least ϵ2A which is
transverse to γ, giving an (r,K1)-bottleneck. By Proposition 69, the segment of the test
path τγ(u

0, v0) between the bottleneck sets for R0 has length at most K2, where K2 depends
only on (Sh,Λ). The result then follows for K = K1 +K2.

The rest of this section contains the proof of Proposition 69, which has the following two
steps.

1. We consider γz([u
0, v0]), the image of γ([u0, v0]) at the optimal height z for the rectangle

R0, and show that the length of this path is bounded.

2. We show that the height function varies by a bounded amount over γ([u0, v0]), so
projecting τγ([u

0, v0]) to γz([u
0, v0]) increases length by a bounded factor.

The graph of a monotonic function on the unit interval f : I → I has bounded path
length. We will use the following analog of monotonicity for real valued functions obtained
from paths on surfaces with a suited pair of measured laminations.

Definition 70. Let S̃h be the universal cover of a closed hyperbolic surface, and let Λ+ and
Λ− be the lifts of a suited pair of measured laminations to S̃h. Let ℓ+ ∈ Λ+ and ℓ− ∈ Λ−
be two leaves which intersect at a point c. Let γ be a path from a point a on ℓ+ to b on ℓ−
such that the interior of γ is disjoint from the two leaves. We say the path γ is monotonic if

• Every leaf of Λ+ which intersects ℓ− between c and b intersects γ in exactly one point,
and γ intersects no other leaves of Λ+.

• Every leaf of Λ− which intersects ℓ+ between c and a intersects γ in exactly one point,
and γ intersects no other leaves of Λ−.
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As the above properties are preserved by the vertical flow, a geodesic segment γ in
S̃h = S0 is monotonic with respect to ℓ+ and ℓ− if an only if for all z, the path Fz(γ) in Sz

is monotonic with respect to Fz(ℓ+) and Fz(ℓ−). We now show that any geodesic segment

in S̃h with endpoints on intersecting leaves is monotonic.

Proposition 71. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited

pair of measured laminations. Let γ be a segment of a geodesic in S̃h with endpoints on two
intersecting leaves ℓ+ and ℓ−. Then γ is monotonic with respect to ℓ+ and ℓ−.

Proof. Suppose that c is a point of intersection of leaves ℓ+ and ℓ−. Let a be the endpoint of
γ on ℓ+ and b the endpoint of γ on ℓ−. For the geodesic triangle with vertices a, b and c, let
α be its side along ℓ+ and β its side along ℓ−. Any leaf of Λ+ that intersects β crosses the
triangle. Since the leaf cannot intersect α it must intersect γ exactly once. Similarly, any
leaf of Λ− which intersects α intersects γ exactly once. Finally, a leaf of either lamination
which intersects γ, may only intersect it once, and so must intersect the side contained in
the other lamination.

We now show that the arc length of a monotonic path is bounded by the lengths of the
other two sides of the triangle that it forms with the leaves of intersection.

Proposition 72. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair

of measured laminations. Let γ be a monotonic path in S̃h with respect to the two intersecting
leaves ℓ+ and ℓ−. Let a and b be the endpoints of γ, and let c be the intersection point of the
two leaves. Then for any z,

length(γz) ⩽ dSz(a, c) + dSz(c, b),

where dSz is the Cannon–Thurston pseudometric on Sz, and length(γz) is the arc length of
γz in this metric.

Proof. In the triangle with vertices a, b, and c we denote the other two sides as α = [a, c]
and β = [b, c]. By definition, the arc length of γz is

length(γz) = lim
|P |→0

n∑
i=0

dSz(xi, xi+1), (18)

where the limit is taken over partitions P = {a = x0 < x1 < · · · < xn+1 = b} with
|P | = max{xi+1 − xi}.

By Definition 70, the union of intervals γz ∩ Rz over all regions R complementary to
both laminations is open and dense in γz. Hence, for any partition P = {a = x0 < x1 <
· · · < xn+1 = b} there exists a partition P ′ = {a = x′

0 < x′
1 < · · · < x′

n+1 = b} such that
|P ′| < 2|P |, and each x′

i lies in a region Ri complementary to both laminations. In particular,
|P ′| → 0 as |P | → 0.
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By Definition 70 again, the intersection γz ∩ Ri cuts off a single vertex of Ri. Since the
pseudometric distances between any pair of points in Ri is zero, we may replace x′

i by this
vertex without changing each term in the sum in Equation (18) for the partition P ′. In
particular, we may now assume that each x′

i is an intersection point of the two invariant
laminations.

Up to reversing the orientation of γ, we may assume that the initial point of γ lies on ℓ+
and the terminal point of γ lies on ℓ−. Consider a pair of adjacent points x′

i and x′
i+1, and

let ℓi+ be the leaf of Λ+ through x′
i, and let ℓi+1

− be the leaf of Λ− through x′
i+1.

By monotonicity, ℓi+ intersects both γ and ℓ− exactly once, and separates x′
i+1 from ℓ+.

Therefore the pair of leaves ℓi+ and ℓi+1
− intersect. Let c′i be the point of intersection. By the

triangle inequality in the Cannon–Thurston metric, dSz(x
′
i, x

′
i+1) ⩽ dSz(x

′
i, c

′
i) + dSz(c

′
i, x

′
i+1).

The Cannon–Thurston distance along a leaf is equal to the measure of the leaf with respect
to the other invariant lamination, so

length(γz) ⩽ lim
|P |→0

n∑
i=0

(
dSz(x

′
i, c

′
i) + dSz(c

′
i, x

′
i+1)

)
= dSz(a, c) + dSz(c, b),

as required.

We now complete Step 1 by showing that the length of γz([u
0, v0]) in Sz is bounded.

Proposition 73. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited
pair of measured laminations. Then there is a constant θΛ such that for any 0 < ϵ < 1 there
is a constant K such that for any ϵ-truncated outermost rectangle R0, with optimal height z,
determined by an intersection point of γ with a leaf ℓ of one of the invariant laminations of
angle at most θΛ, the length of γz([u

0, v0]) is at most K.

Proof. Up to switching the laminations, we may assume that ℓ = ℓ+ ∈ Λ+. By Definition 66,
the outermost transverse rectangle R and the ϵ-truncated rectangle R0 have the same optimal
height, which we shall denote by z. As γ is a geodesic in Sh, by Proposition 71, it is monotonic
with respect to any two intersecting sides of the rectangle R. At height z, the measures of
the sides of Rz are equal. Since the measure of any rectangle is bounded above by Amax, the
measure of each side of Rz is at most

√
Amax. Therefore, by Proposition 72, it suffices to

show that the distances in Sz from γz(u
0) to R0

z and from γz(v
0) to R0

z are bounded.

We will follow the notation illustrated in Figure 11. Each endpoint of γ([u0, v0]) may lie
in either invariant lamination; for definiteness we have drawn in Figure 11 the case where
γ(u0) lies in Λ− and γ(v0) lies in Λ+.

Suppose that γz(v
0) lies in Λ+, as in Figure 11. We will derive a bound for the distance

of γz(v
0) from R0

z by using properties of the sides in Λ+ of the (β+, β
0
+)-maximal rectangle

Rβ. Exactly the same argument works for when γz(v
0) in Λ−, in which case we use the sides

in Λ− of the (β−, β
0
−)-maximal rectangle.
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Rβ
P

β+

β0
+

β− ρ1−

s1−

ρ2−

s2−

γ(v0)

γ(v)

Figure 12: One side of the (β+, β
−
+)-maximal rectangle Rβ from Figure 11.

Let ρ1− be the side of Rβ separated from α− by β−. By maximality of Rβ, ρ1− contains a
side s1− of a non-rectangular polygon P . This is illustrated in Figure 12 above. Note that
that shading in Figure 12 is different from the shading in Figure 11; in Figure 12 we have
only shaded the rectangle Rβ. In a cyclic order on the sides in Λ− of the non-rectangular
polygon P , let ρ2− be the leaf of Λ− such that ρ2− contains a side s2− adjacent to s1−, and ρ2−
intersects β0

+. Suppose that γz intersects ρ2−. Then γ is disjoint from the terminal quadrant
V , a contradiction. It follows that along β0

+, the intersection point γz(v
0) is before the

intersection with ρ2−.

The measure of the segment of β0
+ from ρ1− to ρ2− is zero, so the distance in Sz from R0

z

to γz(v
0) is at most the horizontal measure of Rβ. There is an upper bound Amax on the

measure of any rectangle, so
dx(Rβ

z )dy(R
β
z ) ⩽ Amax. (19)

As R0 is ϵ-truncated with respect to R, dy(R1) ⩾ ϵdy(Rz). Since dy(R
β) = dy(R1), we have

dy(Rβ) ⩾ ϵdy(Rz). At the optimal height dx(Rz) = dy(Rz), and by Proposition 26, the area
of Rz is at least AΛ. Hence dy(Rz)

2 ⩾ AΛ. It follows that

dy(Rβ
z ) ⩾ ϵ

√
AΛ. (20)

Combining (19) and (20) gives the following upper bound on the measure of the other side

of R
(1)
z ,

dx(Rβ
z ) ⩽

Amax

ϵ
√
AΛ

.

For convenience, set K1 = Amax/(ϵ
√
AΛ), which only depends on (Sh,Λ), θΛ and ϵ.
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As α0
− also intersects Rβ, this gives the same bound on the distance from γz(v

0) to α0
−,

i.e.
dSz(α

0
−, γz(v

0)) ⩽ K1.

By reversing the orientation on γ, the same bounds holds for the distance in Sz from R0 to
γz(u

0), i.e.
dSz(β

0
+, γz(u

0)) ⩽ K1.

As γz([u
0, v0]) is monotonic in S0, it is also monotonic in Sz, so by Proposition 72, the arc

length of γz([u
0, v0]) is at most

length(γz([u
0, v0])) ⩽ dSz(α

0
−, γz(v

0)) + dSz(β
0
+, γz(u

0)) ⩽ 2K1,

which only depends on (Sh,Λ), θΛ and ϵ, as required.

We now finish Step 2 by showing that the height function changes by a bounded amount
along γ([u0, v0]).

Proposition 74. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited
pair of measured laminations. There is a constant θΛ such that for any 0 < ϵ < 1 there is
a constant K such that for any ϵ-truncated outermost rectangle R0, with optimal height z,
determined by an intersection point of γ with a leaf ℓ of an invariant lamination of angle
θ ⩽ θΛ, for any t ∈ [u0, v0], the value of the height function hγ(t) is equal to logk log

1
θ
up to

additive error at most K.

Up to swapping the laminations, we may assume the leaf of intersection ℓ = ℓ+ lies in
Λ+.

We prove Proposition 74 in two parts. In Proposition 75 we bound the change in the
height function along the segment of γz lying between the sides α0

− and β0
− of R0. Note

that if both endpoints of γ([u0, v0]) lie in Λ− then γ([u0, v0]) equals this segment and hence
Proposition 74 follows.

So we may suppose that one of the endpoints of γ([u0, v0]) is in Λ+. In this case, we use a
different set of estimates in Sh to bound the change in the height function in Proposition 76.
This covers all cases and so Proposition 74 is an immediate consequence. The constants
labeled K constructed in each of Proposition 75 and Proposition 76 may be different, but
we can just take their maximum for Proposition 74.

Proposition 75. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited
pair of measured laminations. There is a constant θΛ such that for any 0 < ϵ < 1 there is
a constant K such that for any ϵ-truncated outermost rectangle R0, with optimal height z,
determined by an intersection point of γ with a leaf ℓ of an invariant lamination of angle
θ ⩽ θΛ, for any t such that γ(t) lies between the sides α0

− and β0
− of R0 which lie in Λ−, the

value of the height function hγ(t) is equal to logk log
1
θ
up to additive error at most K.
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Proof. We use the notation in Figure 11. Up to swapping the laminations, we may assume
that γ makes angle at most θΛ at an intersection point γ(t) with a leaf ℓ+ ∈ Λ+. Let R0

be the corresponding ϵ-truncated outermost rectangle. We denote the segment of γ between
the sides α0

− and β0
− by γ([a, b]), as illustrated in Figure 13. We will estimate the change in

the height function along γ([a, b]).

ℓ
ℓ(a0)

α0
−

ℓ(b0)

β0
−

γ

γ(t) = ℓ(0)

θ

∼ log 1
θΛ

γ(a)

γ(b)
p

q

Figure 13: Estimating the length of γ between the sides of a truncated rectangle.

By Proposition 53, the value of the radius function at the intersection point γ(t) is roughly
equal to log 1

θ
. More precisely, using (6) from Proposition 53,

ργ,ℓ(t) ⩽ ργ,Λ+(t) ⩽ ργ,ℓ(t) +K1,

where K1 is the constant from Proposition 53, which depends only on (Sh,Λ). Using the
definition of the radius function (3), gives

log 1
θ
⩽ ργ,Λ+(t) ⩽ log 1

θ
+K1.

We now find an upper bound for the hyperbolic length of the segment γ[a, t]. The same
argument will give an upper bound for the hyperbolic length of γ([t, b]). Let ℓ(a0) be the
point of intersection between ℓ and α0

−, and let ℓ(b0) be the point of intersection between ℓ
and β0

−. By Proposition 67, then length of ℓ([a0, 0]) is bounded above by

lengthSh
(ℓ([a0, 0])) ⩽ 1

2
log 1

θ
+ 1

6
log 1

θΛ
− cΛ. (21)

By the triangle inequality,

dSh
(γ(a), γ(t)) ⩽ dSh

(γ(a), ℓ(a0)) + dSh
(ℓ(a0), ℓ(0)).

We now find an upper bound for the hyperbolic distance from γ(a) to ℓ(a0). Let p be a
point on ℓ distance 2ρΛ from ℓ(a0), such that ℓ(a0) separates p from ℓ(0), and let q be the
closest point on γ to p.

57



By Proposition 13 the distance from p to γ is at most θet, where t ⩽ 1
2
log 1

θ
+ 1

4
log 1

θΛ
−

cΛ + 2ρΛ, so

dSh
(p, q) ⩽ θe

1
2
log

1
θ
+
1
4
log

1
θΛ

−cΛ+2ρΛ ,

which simplifies to

dSh
(p, q) ⩽ θ

1
2 θ

−1
4

Λ e−cΛ+2ρΛ ,

and as θ ⩽ θΛ,

dSh
(p, q) ⩽ θ

1
4
Λe

−cΛ+2ρΛ .

By our choice of θΛ,
dSh

(p, q) ⩽ 1
4
ρΛ, (22)

and so the nearest point projection of q to ℓ lies within distance 1
2
ρΛ of p. In particular, it

lies outside the nearest point projection interval of α0
− to ℓ. This means that q lies past γ(a)

from γ(t), and so the distance from γ(t) to q is an upper bound on the distance from γ(t)
to γ(a), i.e.

dSh
(γ(a), γ(t)) ⩽ dSh

(q, γ(t)),

and then by the triangle inequality,

dSh
(γ(a), γ(t)) ⩽ dSh

(q, p) + dSh
(p, γ(t)).

Using (22), and the fact that γ(t) = ℓ(0), and ℓ(a0) lies between p and ℓ(0), gives

dSh
(γ(a), γ(t)) ⩽ 1

4
ρΛ + dSh

(p, ℓ(a0)) + dSh
(ℓ(a0), ℓ(0)).

By our choice of p, the distance from p to ℓ(a0) is 2ρΛ. Using the upper bound from (21),
we get

dSh
(γ(a), γ(t)) ⩽ 1

2
log 1

θ
+ 1

6
log 1

θΛ
− cΛ + 9

4
ρΛ.

Our choice of θΛ ensures that log 1
θpa

⩾ 9
4
ρΛ, so we simplify the inequality above to

dSh
(γ(a), γ(t)) ⩽ 1

2
log 1

θ
+ 1

3
log 1

θΛ
.

Similarly, we get exactly the same bound for dSh
(γ(b), γ(t)).

As the radius function is 1-Lipschitz with respect to the hyperbolic metric, for any t ∈
[a, b] the value of the radius function at γ(t) is at least

ργ,Λ+(t) ⩾
1
2
log 1

θ
− 1

3
log 1

θΛ
⩾ 1

6
log 1

θΛ
> 0, (23)

and the value of the radius function at t is at most

ργ,Λ+(t) ⩽
3
2
log 1

θ
+ 1

3
log 1

θΛ
+K1. (24)

As the height function is logk of a floor function of the radius function, the change in the
height function is therefore bounded by the logarithm base k of the ratio between the values

58



of the height function along γ([a, b]). In particular, using (23) and (24) the change in height
function along γ([a, b]) is at most

logk

3
2
log 1

θ
+ 1

3
log 1

θΛ
+K1

1
6
log 1

θΛ

⩽ logk

(
11 log 1

θΛ
+ 6K1

)
= K2,

where the right hand side K2 only depends on (Sh,Λ), as required.

We now consider the case in which an endpoint of γ([u0, v0]) lies in Λ+, and so γ([u0, v0])
is not contained between the sides of R0 that are in Λ−.

Proposition 76. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a regular
pair of measured laminations. There is a constant θΛ such that for any 0 < ϵ < 1 there is
a constant K such that for any ϵ-truncated outermost rectangle R0, with optimal height z,
determined by an intersection point of γ with a leaf ℓ of an invariant lamination of angle
θ ⩽ θΛ, for any t such that γ(t) lies outside the sides α0

− and β0
− of R0 which lie in Λ−, the

value of the height function hγ(t) is equal to logk log
1
θ
up to additive error at most K.

Proof. Up to reversing the orientation on γ, we may assume that the endpoint of γ([u0, v0])
that lies in Λ+ is γ(v0), as illustrated in Figure 11.

The radius function ρℓ for ℓ at γ(t) has a local maximum of height bounded below by
log 1

θ
.

Let Iℓ be the projection interval for ℓ onto γ, and Iβ+ the nearest point projection interval
of β+ to γ.

The leaves ℓ and β+ meet α0
− at a bounded angle, and since α0

− intersects γ, the nearest
point projection interval Iℓ is coarsely contained in the nearest point projection interval Iβ+ .

We now find an upper bound on the distance from R0 to γ(v0). By Proposition 27, the
measure of the rectangle R1 is at most dx(R1)dy(R1) ⩽ Amax, so

dy(R1) ⩽
Amax

dx(R1)
.

The height of the rectangle R1 is at least dx(R1) ⩾ ϵdx(R) and the measure of R is at least
dx(R)dy(R) ⩾ AΛ, so

dy(R1) ⩽
Amax

ϵAΛ

dy(R).

Using the bound on the measure of the side of the outermost rectangle from Proposi-
tion (64.2) gives

dy(R1) ⩽
Amax

ϵAΛ

2QΛ(log
1
θ
+ 1

6
log 1

θΛ
).

Using the quasi-isometry between the hyperbolic metric and the Cannon–Thurston metric
gives

dSh
(β0

−, γ(v
0)) ⩽ QΛ

Amax

ϵAΛ

2QΛ(log
1
θ
+ 1

6
log 1

θΛ
) + cΛ.
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By the triangle inequality, the distance along γ from β0
− to γ(v0) is at most dSh

(β0
−, γ(v

0))
plus the distance along β0

− from β0
+ to p = γ ∩ β0

−. This latter distance is bounded by the
side length of R0 contained in β0

−. This gives

dSh
(p, γ(v0)) ⩽ QΛ

Amax

ϵAΛ

2QΛ(log
1
θ
+ 1

6
log 1

θΛ
) + cΛ +

QΛAΛ

2
QΛ

(log 1
θ
− 1

6
log 1

θΛ
)
+ cΛ.

Using the fact that θ ⩽ θΛ gives

dSh
(p, γ(v0)) ⩽ K3 log

1
θ
+K4,

where K3 and K4 depend only on Λ.

The radius function ρβ+ is a coarse lower bound for the radius function ργ, so in particular,
ργ(v

0) is at most K3 log
1
θ
+K4. Therefore the height difference between γ(t) and γ(v0) is at

most

logk
(K3 + 1) log 1

θ
+K4

log 1
θ

⩽ logk(K3 + 1 +K4),

which depends only on (Sh,Λ), as required.

We finally show that the length of τγ([u
0, v0]) is bounded.

Proof (of Proposition 69). By Proposition 55, there is a constant K1 such that the value of
the height function at the intersection point is equal to logk log

1
θ
up to additive error at

most K1. By Proposition 74, there is a constant K2 such that the variation in height along
γ([u0, v0]) is at most K2. Therefore projecting τγ([u

0, v0]) to γz([u
0, v0]) changes the length

by at most a factor of kK1+K2 .

By Proposition 73, there is a constant K3 such that γz([u
0, v0]) has arc length at most

K3. Hence, γτ ([u
0, v0]) has arc length at most kK1+K2K3, where all the constants depend

only on (Sh,Λ), as required.

3.3.5 Corner segments create tame bottlenecks

By Definition 28, a corner segment is be a segment of γ that cuts off a corner of an innermost
rectangle. For some terminology, we now distinguish between two possibilities for the corner
segments.

Definition 77. A segment γ(I) of a non-exceptional geodesic is a positive length corner
segment if it is a corner segment with positive length. A segment γ(I) is a zero length corner
segment if I consists of a single point, and γ(I) is the vertex of an innermost rectangle.

In either case, a corner segment determines exactly two angles of intersection, one with
each invariant lamination. In this section, we will show that a corner segment creates a
bottleneck in S̃h × R.
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Lemma 45. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair of
measured laminations. Then there are constants r and K, such that for any corner segment
I = [t1, t2] of any non-exceptional geodesic γ, there are parameters u ⩽ t1 ⩽ t2 ⩽ v such
that for any t ∈ [u, v], the point τγ(t) is a (r,K)-bottleneck for the ladders over γ((−∞, u])
and γ([v,∞)). Furthermore, the length of τγ([u, v]) is at most K.

If at least one angle is small, then it suffices to observe that the corner segment is
contained in the interval [u, v] in Corollary 68, and Lemma 45 follows.

It therefore remains to show that if a corner segment meets both invariant laminations
with large angles, then it creates a bottleneck.

Proposition 78. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited
pair of measured laminations. Let θΛ be the constant from Definition 54. Then there are
constants r > 0 and K ⩾ 0 such that for any non-exceptional geodesic γ in Sh, for any
corner segment γ([t1, t2]), meeting both invariant laminations at angles at least θΛ, there are
parameters u ⩽ t1 ⩽ t2 ⩽ v such that for any t ∈ [u, v], the point τγ(t) is a (r,K)-bottleneck
for the ladders over γ((−∞, u]) and γ([v,∞)). Furthermore, the length of τγ([u, v]) is at
most K.

We start by showing that any geodesic which intersects a leaf of a lamination intersects a
rectangle intersecting that leaf, with a lower bound on its transverse measure, which depends
only on the angle of intersection. The final result will then follow from constructing these
rectangles for both leaves at each end of the corner segment, and then taking the intersection
of these two rectangles.

Proposition 79. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited
pair of measured laminations. Then for any non-exceptional geodesic γ intersecting a leaf of
a lamination ℓ ∈ Λ+ at angle 0 < θ ⩽ π/2, there are leaves ℓ1 and ℓ2 in the other lamination
Λ− with the following properties.

1. The leaf ℓ is a common leaf of intersection for ℓ1 and ℓ2.

2. The nearest point projections of γ, ℓ1 and ℓ2 to ℓ are all disjoint.

3. The (ℓ1, ℓ2)-maximal rectangle R intersects both ℓ and γ.

4. The transverse measure of the rectangle is at least

dx(R) ⩾
AΛ

2QΛ(log
1
θ
+ log 1

α
+ 2T0 + LΛ) + cΛ

,

where QΛ and cΛ are the constants defined in Theorem 7, T0 is the constant defined
in Proposition 13, and LΛ is the constant defined in Proposition (6.3), and all these
constants depend only on the choice of (Sh,Λ).
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The same result holds with the invariant measured laminations (Λ+, dx) and (Λ−, dy)
swapped.

Proof. Up to swapping the laminations we may assume that ℓ is in Λ+.

We parametrize ℓ with a unit speed such that the intersection point with γ is ℓ(0). Then
the nearest point projection of γ to ℓ is contained in the interval I = ℓ(− log 1

θ
−T0, log

1
θ
+T0).

Consider intervals I1 and I2 of length LΛ on either side of I, distance log 1
α
+ T0 from I.

Each interval Ii intersects a leaf ℓi− of Λ−, whose nearest point projection to ℓ is disjoint from
I. The leaf ℓ is then common for both ℓ1− and ℓ2−, so there is a (ℓ1−, ℓ

2
−)-maximal rectangle

R with area at least AΛ. As the measure of the side of the rectangle parallel to ℓ is at most
2QΛ(log

1
θ
+ log 1

α
+ 2T0 + LΛ) + cΛ, the result follows.

We now complete the proof of Proposition 78.

Proof (of Proposition 78). Let ℓ+ and ℓ− be the leaves of intersection at each end of the
corner segment. Up to reversing the orientation on γ, we may assume that γ hits ℓ− first,
as illustrated in Figure 14.

By Proposition 79, the intersection point γ ∩ ℓ− is contained in a rectangle R1 with
measure

dy(R1) ⩾
AΛ

2QΛ(log
1
θΛ

+ log 1
α
+ 2T0 + L|pa) + cΛ

:= K1.

such that the Λ+ sides of R1 have nearest point projections to ℓ− disjoint from the nearest
point projection of γ to ℓ−. In particular, ℓ+ intersects the interior of R1, and the sides of
R1 in Λ− intersect γ.

Similarly by Proposition 79, the other intersection point γ∩ℓ+ is contained in a rectangle
R2 with measure dx(R2) ⩾ K1 such that ℓ− intersects the interior of R2, and the sides of R2

in Λ+ intersect γ.

The intersection R = R1 ∩ R2 is thus a rectangle such that R contains the point of
intersection of ℓ+ and ℓ−, the measure of R satisfies dx(R)dy(R) ⩾ K2

1 , and all sides of R
intersect γ. Hence R is a transverse rectangle for γ. We use the previous notation for the
sides of R, so the initial side of R in Λ− is α−, and the terminal side of R in Λ+ is β+.

Let UR and VR be the initial and terminal quadrants for R, and choose u and v such that
U = UR ∩ F (γ) = F (γ((−∞, u])) and V = VR ∩ F (γ) = F (γ([v,∞))). By Lemma 33 there
are constants r and K2 such that any point t ∈ [u, v] is a (r,K2)-bottleneck for U and V .

We now bound the length of γ([u, v]).

Let p be the intersection point between α− and β+. As γ([u, v]) is monotonic with respect
to α− and β+, by Proposition 72 the length of γ([u, v]) is bounded by d(γ(u), p)+d(p, γ(v)).

Let q be the nearest point projection of γ(u) to ℓ−. The point γ(u) lies on γ, and so is
contained in the nearest point projection of γ to ℓ−.
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Figure 14: A corner segment with large angles.

By construction, the radius of the nearest point projection interval of α− to ℓ is at least
log 1

α
+T0, and q is at least distance log 1

α
+T0 from the endpoints of the projection interval.

Therefore the distance in PSL(2,R) between γ(u) and q is at most α, so the distance in H2

is at most α + π.

Therefore d(γ(u), p) ⩽ log 1
θΛ

+ T0 + α + π.

Therefore the length of γ([u, v]) is at most K3 := 2(log 1
θΛ

+ T0 + α + π).

We now bound the value of the height function along the corner segment I. As γ(I)
meets Λ− at angle at least θΛ at t1, the height function at t1 is coarsely non-positive, i.e.
hγ(t1) ⩽ K4, where K4 is the constant from Proposition 55. Similarly, as γ(I) meets Λ+ at
angle at least θΛ at t2, the height function at t2 is coarsely non-negative, i.e. hγ(t1) ⩾ −K4.
By Proposition 59, the height function is (1/ log k)-Lipschitz, and the length of I is at most
LΛ, where LΛ is the constant from Proposition (6.3). Therefore, for any t ∈ I, the value of
the height function is bounded above and below, i.e. |hγ(t)| ⩽ K4 + LΛ/ log k =: K5.

The lengths of γ([u, t1]) and γ([t2, u]) are at mostK3, and the height function is (1/ log k)-
Lipschitz. Therefore, the value of the height function on [u, v] is at most |hγ(t)| ⩽ K5 +
K3/ log k =: K6.

Nearest point projection of τγ to S0 therefore distorts distance by at most a factor of kK6 .

Therefore the length of τγ([u, v]) is at most K3k
K6 .

3.4 Straight segments are quasigeodesic

In this section we prove that segments of the test path over straight segments are quasi-
geodesic.

Lemma 46. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair of
measured laminations. Then there are constants Q and c such that for any non-exceptional
geodesic γ, and any straight interval I, the test path τγ(I) is (Q, c)-quasigeodesic.

In Section 3.4.1, we show that if the intersection interval of γ with an ideal complementary
region R is short, then the test path over that interval is also short. We may then consider
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segments γ∩R which are reasonably long. In Section 3.4.2, we show that if γ∩R is sufficiently
long, then the height function does not change sign along this segment. Inside the flow set
F (R), the Cannon–Thurston metric is quasi-isometric to the union of a number of hyperbolic
halfspaces glued along a common bi-infinite boundary geodesic. In Section 3.4.3, we show
that specific paths in these halfspaces are quasigeodesic. In Section 3.4.4, we show that the
test path over a long segment γ∩R is close to one of these quasigeodesic paths, and is hence
quasigeodesic. We then complete the final step to show that this also applies to a straight
segment that is a union of two intersection segments meeting in a non-rectangular polygon.

3.4.1 Short segments in complementary regions

In this section, we show that segments of bounded length in ideal complementary regions
give rise to bounded length segments of the test path.

Proposition 80. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited
pair of measured laminations. Then for any constant L > 0 there is a constant K > 0 such
that for any non-exceptional geodesic γ in S̃h and for any ideal complementary region R, if
the length of the intersection interval IR is at most L, then the length of the test path τγ(IR)
over that interval is at most K.

Proof. Up to swapping laminations and reversing the sign on the height function, we may
assume that the complementary region R has boundary in Λ+.

The interior of the intersection interval IR is disjoint from Λ+. By the quasi-isometry
between the hyperbolic and Cannon–Thurston metrics (Theorem 7), the Λ− measure of IR
is at most QΛL+ cΛ.

If the interior of IR is disjoint from both laminations, then IR is an innermost segment.
By Corollary 58, the arc length of τγ(IR) is then at most K1. So we may assume that the
intersection interval IR intersects Λ−. The metric on the ladder F (γ(IR)) is then determined
by the z-coordinate, and the measure of the intersections with Λ−.

Figure 15: Outermost transverse rectangles determined by ℓ+1 and ℓ+2 .

Moving in the positive z-direction scales the Λ−-measure by a factor of k−z. Thus if the
height function along IR is bounded below by L1 = −2L − L/ log k, then the arc length of
τγ(IR) in the Cannon–Thurston metric is at most (QΛL+ cΛ)k

L1 .
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Now suppose there is a point t on IR with height function hγ(t) less than L1. As the
height function is (1/ log k)-Lipschitz, this implies that the height function is at most −2L
on all of IR.

Let ℓ−1 and ℓ−2 be outermost leaves of Λ− intersecting IR at γ(t1) and γ(t2) with angles
θ1 and θ2. By Proposition 55, the height function determines the angle up to bounded error,
so both θ1 and θ2 are at most θΛe

−k2L−K1 , where K1 is the constant from Proposition 55.

Consider the maximal rectangle with sides contained in ℓ1 and ℓ2. These two sides fellow
travel for distance at least log 1

θ1
, up to additive error.

Therefore by Proposition 27 the measure of the other sides is at most Amax/ log
1
θ1
.

As the height function is (1/ log k)-Lipschitz, the length of τγ(IR) is at most L/ log k +

k
Amax/ log

1
θ1 ⩽ L/ log k + k

Amax/ log
1
θΛ .

3.4.2 Long intersection intervals have height functions with consistent signs

In this section, we show that if R+ is an ideal complementary region of Λ+, and if the
length of the intersection interval is sufficiently long, then the height function along the
intersection interval is non-negative. Swapping laminations a similar statement holds for
ideal complementary regions of Λ−.

Proposition 81. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited
pair of measured laminations. Then there is a constant LR, such that for any ideal polygon
R with boundary in Λ+, and any non-exceptional geodesic γ crossing R in an intersection
interval IR of length at least LR, the height function along the intersection interval IR satisfies
hγ(t) ⩾ 0. Similarly, if R has ideal boundary contained in Λ−, then the height function along
IR satisfies hγ(t) ⩽ 0.

Proof. Up to swapping laminations and reversing the sign of the height function, we may
assume that R is an ideal complementary region of Λ+. We choose LR > 2DΛ + 4LΛ + 2ρΛ,
where DΛ is the constant from Proposition 24, LΛ is the constant from Proposition (6.3)
and ρΛ is the constant from Proposition 14. We denote γ ∩R by γ(IR) and assume that the
interval γ(IR) has length at least LR. Suppose that the interior of γ(IR) is disjoint from Λ−.
Then γ(IR) is disjoint from both laminations. By Proposition 24, it is an innermost interval
with length at most DΛ which is not possible as LR > DΛ. Thus γ(IR) intersects Λ−.

Suppose that γ(t1) is a point on γ(IR) such that hγ(t1) < 0. Since extended laminations
are closed, by Definition 39 there is a leaf ℓ−1 of Λ− with distance in PSL(2,R) at most θΛ
from γ(t1).

Up to reversing the orientation of γ, let t2 ⩾ t1 be the smallest time such that there is
a leaf ℓ−2 of Λ− intersecting γ(IR) at the point γ(t2). If t2 ̸= t1 then ℓ−2 is a boundary leaf
of an ideal complementary region R′ of Λ− and the segment γ(t1, t2) is contained in R′. It
follows that t2 − t1 < DΛ. By Proposition 56, the radius function is 1-Lipschitz. Therefore,
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the difference between the values ργ(t1) and ργ(t2) of the radius function is at most DΛ.
Therefore the radius of the projection interval for ℓ−2 is at least log 1

θΛ
−DΛ.

There is a boundary leaf ℓ+ of R that intersects ℓ−2 within distance LΛ of γ(t2). Let the
intersection point be p, and let q be the nearest point on γ to p. We now show that ℓ+

intersects γ, as illustrated in Figure 16, where we have drawn ℓ+ intersecting γ at γ(t3).

ℓ−1
ℓ−2ℓ+

γγ(t1) γ(t2) γ(t3)

p

q

Figure 16: An intersection point close to a negative value of the height function.

Suppose ℓ+ does not intersect γ. Then one of the endpoints of ℓ+ lies between the
endpoints of ℓ−2 and γ+ on the boundary circle at infinity. This means that the projection
interval for ℓ+ onto γ must extend past the end of the projection interval for ℓ−2 onto γ in the
direction of the endpoint γ+. The distance from γ(t2) to q is at most 2LΛ. Thus the length
of the overlap of the projection intervals for ℓ−2 and ℓ+ to γ is at least log 1

θΛ
− DΛ − 2LΛ,

which by our choice of θΛ is greater than ρΛ, the maximal overlap between projections of
leaves to γ, contradicting Proposition 14.

We conclude that ℓ+ intersects γ(IR) at a point γ(t3). The point γ(t3) lies in the nearest
point projection interval of ℓ+ to γ. So the distance from q to γ(t3) is at most ρΛ. Therefore
the distance from γ(t1) to γ(t3) is at mostDΛ+2LΛ+ρΛ. As this argument applies to traveling
along γ in the other direction, this shows that the length of IR is at most 2(DΛ + 2LΛ + ρΛ)
which is less than LR, a contradiction.

3.4.3 Quasigeodesic paths in the upper half space model

Recall that the metric on the ladder F (ℓ−) is not the standard metric on the upper half
space but is quasi-isometric to it under the map (x, z) 7→ (x, k−z).

In this section, we show that paths in the upper half space arising as graphs of 1-Lipschitz
functions R → R+ are quasi-geodesic. To begin with, a line with slope one in the upper
half space model stays a constant distance from a vertical line, and is hence a quasigeodesic.
This is illustrated in both models in Figure 17. From this we will deduce that absolute value
functions are quasi-geodesic. We will then show that 1-Lipschitz functions are contained in
bounded neighborhoods of certain absolute value functions, to get the required conclusion.

In subsequent sections, we will show that the height function over a single leaf is contained
in the above class of functions. Hence, a test path in the upper half space model is a
quasigeodesic.

66



z

x

(x1, z1)

(x2, z2)

dE2 ∼ x2 − x1, dH2 ∼ 1

dE2 ∼ z2 − z1
dH2 = dE2

y = logk(x+ c)

F (ℓ+) = leaf cross R

x

z

(x1, z
′
1)

(x2, z
′
2)

dE2 ∼ x2 − x1, dH2 ∼ 1

dE2 ∼ z′2 − z′1
dH2 ∼ log

z′2
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y = x+ c

Upper half space model

z 7→ kz

Figure 17: Quasigeodesics in two models for H2.

Definition 82. Suppose that I ⊆ R is a (possibly infinite) subinterval of R. Suppose that
a : I → R+ is a function. We call the path α in the upper half space model of H2 given by
α(t) = (t, a(t)) the path determined by the function a.

We consider a specific collection of paths determined by absolute value functions.

Definition 83. Given constants h > 1 and x, an absolute value path is the path in the upper
half space determined by a(t) = h− |t− x| defined on the interval I = |t− x| ⩽ h− 1. We
have chosen I so that a(t) ⩾ 1 for all t ∈ I.

We start by showing that the paths determined by these functions are quasigeodesic.

Proposition 84. There are constants Q ⩾ 1 and c ⩾ 0 such that every absolute value path
in the upper half space model, with unit speed parametrization, is (Q, c)-quasigeodesic.

Proof. Set z0 = x+hi. By the isometry z → 1
h
(z−z0) of the upper half space, every absolute

value path is isometric to a subpath of the path determined by 1−|t| for |t| < 1. So it suffices
to show that the path determined by 1− |t| for |t| < 1 is quasigeodesic.

The line y = x in the upper half space is invariant under the isometry z 7→ λz, and so is
a constant distance c1 from the vertical geodesic given by the vertical y-axis. Nearest point
projection from y = x to the vertical axis contracts distances by a constant factor Q1, so
y = x is a (Q1, c1)-quasigeodesic.

The absolute value path 1 − |t| is therefore a union of two quasigeodesic paths with
distinct endpoints, and so is (Q2, c2)-quasigeodesic, where the constants depends on Q1 and
c1, and the Gromov product of the limit points of the two paths based at their common
point.
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Definition 85. Suppose that α(t) = (t, a(t)) is the path determined by the function a : I →
R+. Given a constant K ⩾ 0, the vertical K-neighborhood of α, which we shall denote
VK(α), consists of all points whose vertical distance to α (along lines with fixed real part in
the upper half space model) in the Euclidean metric is at most K.

We now show that 1-Lipschitz functions contained in bounded vertical neighborhoods of
absolute value paths are quasigeodesic.

Proposition 86. Given K > 0 there are constants Q > 0 and c ⩾ 0 such that for any
1-Lipschitz function b : I → R+ for which

• b(t) ⩾ 1, and

• the path β(t) = (t, b(t)) determined by b is contained in a vertical K-neighborhood of
an absolute value path,

the unit speed parametrization of β is (Q, c)-quasigeodesic.

Proof. Let α(t) be a unit speed parametrization of the absolute value path, and let β(t) be a
unit speed parametrization of β. As β is a unit speed parametrization, dH2(β(s), β(t)) ⩽ t−s.
We now find a lower bound on distances along the path β.

Let α(s′) be the vertical projection of β(s), and let α(t′) be the vertical projection of
β(t). The vertical projection from β to α changes distances by at most a factor of eK , so

e−K length(α([s′, t′]))− 2K ⩽ length(β([s, t])) ⩽ eK length(α([s′, t′])) + 2K. (25)

As both α and β have unit speed parametrizations, this shows

e−K(t′ − s′)− 2K ⩽ t− s ⩽ eK(t′ − s′) + 2K.

As β lies in a vertical K-neighborhood of α,

dH2(β(s), β(t)) ⩾ dH2(α(s′), α(t′))− 2K.

By Proposition 84, the path α is (Q, c)-quasigeodesic, so

dH2(β(s), β(t)) ⩾ 1
Q
(t′ − s′)− c− 2K.

Using (25) gives
dH2(β(s), β(t)) ⩾ 1

Q
( 1
eK

(t− s)− 2K)− c− 2K,

so β is (Q, c)-quasigeodesic, as required.
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3.4.4 Long segments in complementary regions

We now complete the proof of Lemma 46, showing that segments of the test path over straight
segments are quasigeodesic. Recall that there are exactly two types of straight intervals.
Either a straight interval is an intersection interval, with both endpoints in the cusps of the
ideal complementary region, or the straight interval is the union of two intersection intervals,
for ideal complementary regions intersecting in a non-rectangular polygon.

We shall start by showing the result for intersection intervals for a single ideal comple-
mentary region.

Lemma 87. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair of
measured laminations. Then there are constants Q and c such that for any non-exceptional
geodesic γ, and any ideal complementary region R with boundary in either Λ+ or Λ−, the
test path over the intersection interval τγ(IR) is (Q, c)-quasigeodesic.

Once we have shown this, it will be simple to show that the test path over the union of
two intersection segments meeting in a non-rectangular polygon is also quasigeodesic.

Proposition 88. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited
pair of measured laminations. Then there are constants Q ⩾ 1 and c > 0 such that for any
non-exceptional geodesic γ intersecting an innermost polygon P = R+ ∩ R−, the test path
over the union of the two intersection intervals τγ(IR+ ∪ IR−) is (Q, c)-quasigeodesic.

Lemma 46 is then an immediate consequence of Lemma 87 and Proposition 88.

We prove Lemma 87 first. By Proposition 80, if γ(IR) has bounded length then τγ(IR) also
has bounded length. So it suffices to show that test paths over sufficiently long intersection
intervals are quasigeodesic.

Lemma 89. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair
of measured laminations. Then there are constants LR > 0, Q > 0 and c ⩾ 0 such that
for any ideal complementary region R of an invariant lamination, and any non-exceptional
geodesic γ that intersects R in a segment of length at least LR, the test path restricted to the
intersection interval IR is (Q, c)-quasigeodesic in S̃h × R.

The R subscript for LR is to distinguish the constant in Lemma 89 from similar constants
in other parts of the paper. Since there are finitely many complementary regions, the order
of quantifiers in Lemma 89 is correct, and LR depends only on (Sh,Λ). We shall choose LR

to be the constant L from Proposition 81, which implies that the sign of the height function
does not change on IR.

An ideal complementary region contains finitely many boundary leaves and extended
leaves. We will show that the height function for points of γ(IR) in an ideal complementary
region R depends only on the distances to these leaves. To be precise, we show that up to
bounded error, the height function is determined by distance to a single leaf of the extended
lamination contained in that region. Breaking symmetry, we give the argument for an ideal
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complementary region R of Λ+. The same holds for Λ− with the sign of the height function
reversed.

Definition 90. Suppose that Sh a hyperbolic metric and Λ a suited pair of laminations.
Given a constant K ⩾ 0, an ideal polygon R in S̃h \ Λ+, a non-exceptional geodesic γ
intersecting R, we say that a leaf ℓ of the extended lamination Λ+ is K-dominant on the
intersection interval IR if

• ℓ is contained in R, and

• up to an additive error of K, the radius function ργ(t) on the intersection interval IR
equals the radius function ργ,ℓ(t) for the leaf ℓ.

Proposition 91. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited
pair of measured laminations. Then there are constants L > 0, K > 0 such that for any ideal
polygon R in S̃h \ Λ+ and any non-exceptional geodesic γ intersecting R in a segment of
length at least L, there is a leaf ℓ of the extended lamination Λ+ such that ℓ is K-dominant
on the intersection interval IR.

We first show that Lemma 89 follows from Proposition 91.

Proof. Suppose that γ intersects an ideal polygon R in S̃h \Λ+. By Proposition 91, there is
a leaf ℓ of the extended lamination Λ+ such that ℓ is K-dominant on IR. As γ(IR) lies in a
complementary region, the pseudo-metric distance from γ to ℓ is zero.

As ℓ ∈ Λ+, the radius function for ℓ is

ργ,ℓ(t) = log
1

dPSL(2,R)(γ1(t), ℓ1)
.

Let γ(tℓ) be the closest point on γ to ℓ, and assume that the closest distance in PSL(2,R)
is θℓ. Since the height function vanishes if the angle is greater than θΛ and since we have
chosen θf ⩽ θ0 in Definition 54, Proposition 8 applies and there is a constant K such that

log 1
θℓ
− |t− tℓ| −K ⩽ ργ,ℓ(t) ⩽ log 1

θℓ
− |t− tℓ|+K.

Thus the radius function lives in a vertical K-neighborhood of an absolute value function,
and hence the test path is (Q, c)-quasigeodesic by Proposition 86, where Q and c depend
only on K, as required.

We now show that if the projection intervals of two leaves to γ are coarsely nested then
the radius function of the leaf with the longer interval is a coarse upper bound for the radius
function of the other leaf.

70



Proposition 92. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair
of measured laminations. Given a constant K > 0 there is a constant L > 0 such that for
any three geodesics γ, ℓ1 and ℓ2 with distinct endpoints, such that the projection intervals Iℓ1
and Iℓ2 for ℓ1 and ℓ2 onto γ are coarsely nested, i.e. Iℓ2 ⊆ NK(Iℓ1), then the radius function
ργ,ℓ1 determined by ℓ1 is a coarse upper bound for the radius function ργ,ℓ2 determined by ℓ2,
i.e. for all t,

ργ,ℓ2(t) ⩽ ργ,ℓ1(t) + L.

Proof. Suppose that the smallest PSL(2,R)-distance between γ and ℓ1 is θ1 > 0, and assume
that this occurs at time t1, the midpoint of Iℓ1 . Similarly, suppose that the smallest distance
between γ and ℓ2 is θ2, and assume that this occurs at t2, the midpoint of Iℓ2 .

(t1, log
1
θ1
)

log 1
d(γ(t),ℓ1)

∼ log 1
θ1
− |t− t1|

(t2, log
1
θ2
)

log 1
d(γ(t),ℓ2)

∼ log 1
θ2
− |t− t2|

t

kz

t1 t2

Figure 18: The radius functions for truncated projection intervals with close endpoints.

Recall that the exponential interval Eℓi = [ti − log 1
θi
, ti + log 1

θi
] is contained in the pro-

jection interval Iℓi , and furthermore, there is a constant K1 such that Iℓi ⊆ NK1(Eℓi), where
K1 is the constant T0 from Proposition 13. So if the projection intervals are coarsely nested,
Iℓ2 ⊆ NK(Iℓ1), then the exponential intervals are also coarsely nested, Eℓ2 ⊆ NK+K1(Eℓ1).

From (5), the exponential height function for a leaf is equal to an absolute value function,
up to additive error K2. Thus, for i = 1, 2, we have for t ∈ Eℓi ,

log 1
θi
− |t− ti| −K2 ⩽ ργ,ℓi(t) ⩽ log 1

θi
− |t− ti|+K2,

and for t ̸∈ Eℓi , the corresponding radius function is bounded ργ,ℓi(t) ⩽ K2.

If t ̸∈ Eℓ1 , then t is within distanceK+K1 of an endpoint of Eℓ2 , so ργ,ℓ2(t) ⩽ K+K1+K2.
As ργ,ℓ1(t) > 0 for all t, this implies ργ,ℓ2(t) ⩽ ργ,ℓ1(t) +K +K1 +K2.

We now consider points t ∈ Eℓ1 . Consider two absolute value functions | · |Ia : Ia → R,
with Ia = [ta − a, ta + a] and |t|Ia = a− |ta − t| and | · |Ib : Ib → R, with Ib = [tb − b, tb + b]
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and |t|Ib = b − |tb − t|. If the first interval is contained in the second, Ia ⊆ Ib, then
|t|Ia ⩽ |t|Ib . If the first interval is coarsely contained in the second, Ia ⊆ NK+K1(Ib), then
|t|Ia ⩽ |t|Ib +K +K1. It immediately follows that

ργ,ℓ2(t) ⩽ ργ,ℓ1(t) +K +K1 +K2.

The result then follows choosing L = K+K1+K2, which only depends on L, and constants
depending on the geometry of PSL(2,R), as required.

We now show that if IR is sufficiently long, then the radius function along γ(IR) is equal
to the radius function with respect to a single extended leaf in R, up to bounded additive
error.

Proposition 93. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited
pair of measured laminations. Then there are constants LR > 0 (the constant from Proposi-

tion 81) and K ⩾ 0 such that for any ideal polygon R in S̃h \ Λ+, and any non-exceptional
geodesic γ such that the intersection interval IR has length at least LR, there is a single leaf
ℓ of the extended lamination Λ+ contained in R, such that for all t ∈ IR

|ργ(t)− ργ,ℓ(t)| ⩽ K.

Proof. Up to swapping laminations, we may assume that R is an ideal complementary region
of Λ+.

Suppose that γ is a non-exceptional geodesic that intersects R and the length of γ(IR) is
at least LR. By Proposition 81, hγ(t) is always non-negative along IR. By definition of the
height function, ργ,Λ−

(t) ⩽ 1 + log 1
θΛ

for all t ∈ IR, and so up to bounded additive error,
ργ(t) = ργ,Λ+

(t) for all t ∈ IR.

We will now identify which leaf ℓ of the extended lamination is K-dominant. For any
geodesic ℓ in H2, the nearest point projection of ℓ to γ equals the segment of γ bounded by
the projections of the ideal points of ℓ. Denote by pi the finitely many ideal points of R, and
by zi their closest point projections on γ. Suppose that zi and zj are the outermost points,
that is, all other zu are contained in the segment [zi, zj] of γ. We set ℓ to be the leaf of the
extended lamination Λ+ connecting pi to pj, which may be a boundary leaf of R.

We now show that for any point t in IR, the height function hγ(t) equals up to a bounded
additive error, the height function hγ,ℓ(t) determined by this leaf.

Let ℓ1 and ℓ2 be the first and the last boundary leaves of R that γ intersects. We have
illustrated this in Figure 19 in the case where the leaves ℓ, ℓ1 and ℓ2 are all distinct. It may
be that one of ℓ1 or ℓ2 equals ℓ, but this makes no difference to the argument.

First consider a leaf ℓ′ of the extended lamination which is either a boundary leaf of R,
or contained in R. By our choice of ℓ, the nearest point projection of ℓ′ to γ is contained in
the nearest point projection of ℓ to γ. By Proposition 92,

ργ,ℓ′(t) ⩽ ργ,ℓ(t) + L,
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ℓ1

ℓ2

ℓ3

ℓ4

R

ℓ γ

Figure 19: A non-exceptional geodesic intersecting an ideal polygon.

where L is the constant from Proposition 92 with K = 0. Note that this same argument
works for any leaf (such as ℓ3 in Figure 19) of the extended lamination Λ+ contained in a

component of S̃h \R disjoint from γ.

Finally, suppose ℓ4 is a leaf of Λ+ in one of the two components of S̃h\R that γ intersects.
The leaf ℓ4 itself may or may not intersect γ. Breaking symmetry, suppose that ℓ4 lies in the
component of S̃h \R with boundary ℓ2, as in Figure 19 above. The same argument holds for
the component with boundary ℓ1.

Let γ(t2) be the intersection point of γ with the boundary leaf ℓ2. Note that

• γ(t2) is the endpoint of the intersection interval IR, and

• γ(t2) is the midpoint of the nearest point projection interval Iℓ2 of ℓ2 onto γ.

Let γ(t1) and γ(t3) be the initial and terminal points of Iℓ2 . Let Iℓ and Iℓ4 be the nearest point
projection intervals onto γ for the leaves ℓ and ℓ4. Then Iℓ2 ⊆ Iℓ, with common endpoint
γ(t3), and Iℓ4 ⊆ Iℓ2 , with common initial point γ(t1). This is illustrated in Figure 20.

As Iℓ2 ⊆ Iℓ, by Proposition 92 the radius function ργ,ℓ is a coarse upper bound for the
radius function ργ,ℓ2 . As the initial point of Iℓ4 is further along γ than γ(t1), the initial point
of Iℓ2 , the radius function ργ,ℓ2 is a coarse upper bound for ργ,ℓ4 on [t1, t2], the first half of
Iℓ2 = [t1, t3] on which both ργ,ℓ2 and ργ,ℓ4 are increasing. As t2 is the endpoint of γ(IR), we
deduce that ργ,ℓ is a coarse upper bound on IR for the radius functions corresponding to all
leaves of the extended lamination Λ+, as required.

Proposition 91 now follows directly from Proposition 93.

Finally, we prove Proposition 88, that the test path over the union of two intersections
intervals meeting in a non-rectangular polygon is also quasigeodesic.
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Figure 20: Radius functions for leaves with overlapping projection intervals.

Proof. Proof (of Proposition 88) Let p1 be the endpoint of IR in the innermost polygon P .
Let p0 be the other endpoint of IR, and let p2 be the endpoint of IR′ disjoint from IR. As
both τγ(IR) and τγ(IR′ \ IR) are quasigeodesic, it suffices to prove that the Gromov product
(p0, p2)p1 is bounded.

By Proposition 91, there is an extended leaf ℓ+ in R+ that is K-dominant for γ(IR+). In
particular, the test path over γIR+

lies in a bounded neighborhood of a half space in the ladder

F (ℓ+). Similarly, the complementary region of Λ− containing the cusp C has a segment of
an extended leaf ℓ− that is K-dominant for γ(IC). Thus the test path over γ(IR) lies in a
bounded neighborhood of a half space in the ladder F (ℓ−). Let q be the intersection point
of the two extended leaves ℓ+ and ℓ−. Both p and q1 lie in P and so are a bounded distance
apart. The union of the two quasigeodesics is thus contained in a bounded neighborhood
of the union of two half spaces meeting along the suspension flow line through q. Each half
space is quasi-isometric to a half space in H2 with geodesic boundary, so the union of the two
half spaces is quasi-isometric to H2. The nearest point projection of the first quasigeodesic
to suspension flow line F (q) is contained in a bounded neighborhood of the positive half of
F (q), and the nearest point projection of the second quasigeodesic is contained in a bounded
neighborhood of the negative part of F (q). Therefore the Gromov product of the endpoints
is bounded, and so the union of the two quasigeodesics is a quasigeodesic.

3.5 Vertical projection to the test path is distance decreasing

Finally, we combine the fact that the test path is quasigeodesic with the fact that the height
function is Lipschitz, to show that the vertical projection from ι(γ) to τγ is coarsely distance
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decreasing.

Proposition 4. Suppose that (Sh,Λ) is a hyperbolic metric on S together with a suited pair
of measured laminations. There are constants K and c such that for any non-exceptional
geodesic γ with unit speed parametrization, and any s and t,

dS̃h×R(τγ(s), τγ(t)) ⩽ KdS̃h×R (ι(γ(s)), ι(γ(t))) + c,

where here the test path has the parametrization inherited from the unit speed parametriza-
tion on γ.

We remark that we do not show that the nearest point projection of ι(γ(t)) to the geodesic

γ in S̃h × R is close to the corresponding test path point τγ(t). This is equivalent to the
statement that there is an upper bound on the length of the fellow traveling interval between
the vertical flow lines from ι(γ(t)) to τγ(t) and the geodesic γ. Although this may be true
for our choice of test path, this property does not hold for all quasigeodesic paths with the
same endpoints as γ, and so depends on the exact choice of quasigeodesic.

Proof. Let γ be a non-exceptional unit speed geodesic in S̃h, and let τγ(t) be the test path
with the (non-unit speed) parametrization determined by γ(t). Let γ be the geodesic in

S̃h × R determined by γ.

Let k > 1 be the constant from the definition of the Cannon–Thurston metric, and let δ3
be the constant of hyperbolicity for S̃h × R. We will choose K = 1+2/ log k, and c = 12δ3+
6L. Here L is the Morse constant such that the test path τγ is contained in an L-neighborhood
of the geodesic γ. For notational convenience, set D = dS̃h×R(ι(γ(t1)), ι(γ(t2))).

Let pi be the nearest point projection of the test path location τγ(ti) to γ in S̃h × R, and
let qi be the nearest point projection of ι(γ(ti)) to γ.

γ

τγ(t1)

p1 q1

τγ(t2)

p2q2

ι(γ(t1))

α1

a1

F1

b1

F2

ι(γ(t2))

Figure 21: The geodesic γ and the vertical flow lines.

We denote by Fi the vertical flow segment from F0(ι(γ(ti))) to τγ(ti) = Fhγ(ti)(ι(γ(ti))).
The path αi consisting of the union of the two geodesics [pi, qi]∪ [qi, ι(γ(ti))] is close to being
a geodesic. In particular, by [KS24, Lemma 1.102] there is a point ai on αi distance at most
2δ3 from qi. By thin triangles and the distance from τγ(ti) to pi being at most L, there is a
point bi on Fi within distance L+ 3δ3 of qi.
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Suppose that q1 lies between p1 and p2. As τγ is contained in an L-neighborhood of γ,
there is a point τγ(t) distance at most L from q1, with t1 ⩽ t ⩽ t2. As the height function is
(1/ log k)-Lipschitz, the height difference between τγ(t1) and τγ(t) is at most D/ log k, and
so the height difference between p1 and q1 is at most D/ log k + 2L.

By the same argument from the previous two paragraphs applied to F2, if q2 lies between
p1 and p2, then the distance between p2 and q2 is also at most D/ log k + 2L.

As q1 is the nearest point projection of ι(γ(t1)) to γ, the path consisting of the concate-
nation of the three geodesics [ι(γ(t1)), q1]∪ [q1, q2]∪ [q2, ι(γ(t2))] is close to being a geodesic.
By [KS24, Lemma 1.120], if the distance between q1 and q2 is at least 8δ3, then the distance
between ι(γ(t1)) and ι(γ(t2)) is at least |[q1, q2]| − 12δ3.

The distance in S̃h × R between ι(γ(tn)) and ι(γ(tn+1)) is at most D, so the distance
between q1 and q2 is at most D + 12δ3. This implies that the distance between p1 and p2 is
at most D+ 12δ3 + 2D/ log k+ 4L, and so the distance between τγ(t1) and τγ(t2) is at most
(1 + 2/ log k)D + 12δ3 + 6L, as required.
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Appendix A Distance bounds in H2

In this section we record some standard estimates on distances between geodesics in the
hyperbolic plane H2. We start by finding bounds on the distances in H2 between two non-
intersecting geodesics distance θ apart.

Proposition 94. Suppose that θ ⩽ 1 is a positive constant and suppose that γ1 and γ2 are
two bi-infinite geodesics in H2 which do not intersect and are distance θ apart. Suppose that
γ1 is parametrized with unit speed such that γ1(0) is the closest point on γ1 to γ2. Then

1
3
θe|t| ⩽ dH2(γ1(t), γ2) ⩽ 3

2
θe|t|, if |t| ⩽ log 1

θ
.

Furthermore, the lower bound at |t| = log 1
θ
holds for all |t| ⩾ log 1

θ
, i.e. dH2(γ1(t), γ2) ⩾ 1

3
.

Proof. Choose unit speed parametrizations of γ1 and γ2 so that their closest points are γ1(0)
and γ2(0). Let p be the closest point on γ2 to γ1(t), and set d = dH2(γ1(t), γ2) = dH2(γ1(t), p).
As the distances are symmetric for t and −t, it suffices to consider the case t ⩾ 0.

γ1(0) t γ1(t)
γ1

γ2(0)

γ2

p

θ d

Figure 22: The geodesic γ3 connecting non-adjacent limit points of γ1 and γ2.

The four points γ1(0), γ2(0), γ1(t) and p determine a hyperbolic quadrilateral with three
right angles, which is known is as a Lambert quadrilateral, and its sides satisfy

sinh d = cosh t sinh θ, (26)

see for example [Mar96, Section 32.2]. We will use the following elementary estimates:
x ⩽ sinhx ⩽ 3

2
x for 0 ⩽ x ⩽ sinh(1) < 1.18, and 1

2
ex ⩽ coshx ⩽ ex for all values of x.

Applying these estimates for 0 ⩽ θ ⩽ 1, and 0 ⩽ d ⩽ sinh(1) gives

1
3
θet ⩽ d ⩽ 3

2
θet,

for |t| ⩽ log 1
θ
, as for these values of t, d ⩽ sinh(1). Differentiating (26) shows that for

fixed θ, d is increasing in t, and so for all t ⩾ log 1
θ
, the lower bound at t = log 1

θ
holds, i.e.

dH2(γ1(t), γ2) ⩾ 1
3
, as required.

We now find bounds on the distances between two geodesics in H2 which intersect at
angle θ.
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Proposition 95. Suppose that γ1 and γ2 are geodesics in H2 which intersect at angle θ < 1,
and suppose that γ1 has unit speed parametrization so that the intersection point is γ1(0).
Then

1
8
θ(et − 1) ⩽ dH2(γ1(t), γ2) ⩽ 1

2
θet, if |t| ⩽ log 1

θ
,

and furthermore, the lower bound at t = log 1
θ
holds for all t ⩾ log 1

θ
, i.e. dH2(γ1(t), γ2) ⩾

1
8
(1− θ).

Proof. Let γ1(t) be the point distance t along γ1 from the intersection point, and let d be
the distance from γ1(t) to γ2.

γ1(0) γ1(t)
γ1

γ2

d

Figure 23: The geodesics of γ1 and γ2 intersect at angle θ.

Using the sine formula for right angled triangles in hyperbolic space gives

sin θ =
sinh d

sinh t
.

Using the elementary estimates: 1
2
θ ⩽ sin θ ⩽ θ for 0 ⩽ θ ⩽ 1 and 1

2
(et−1) ⩽ sinh t ⩽ 1

2
et

for t ⩾ 0, we get

1
4
θ(et − 1) ⩽ sinh d ⩽ 1

2
θet

For t ⩽ log 1
θ
, sinh d ⩽ 1

2
< 1, so have the elementary estimate d ⩽ sinh d ⩽ 2d for

0 ⩽ d ⩽ 1, which gives

1
8
θ(et − 1) ⩽ d ⩽ 1

2
θet

as required.

Finally, the bound sinh(d) ⩾ 1
4
(et − 1) holds for all t ⩾ 0, and et is increasing, so for all

t ⩾ log 1
θ
, sinh d ⩾ 1

4
(1 − θ). The right hand side takes values in [0, 1

4
], so d takes values in

[0, sinh−1(1
4
) < 1], and we may apply the elementary bound for sinh d, so d ⩾ 1

8
(1 − θ) for

all t ⩾ log 1
θ
.

Finally, we prove the bounds on the size of nearest point projection intervals.
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Proposition 13. There is a constant T0 > 0 such that for any geodesics γ1 and γ2 in H2

that

• intersect at an angle 0 < θ ⩽ π/2, and

• γ1 is parametrized with unit speed so that γ1(0) is the point of intersection,

then the image of γ2 under nearest point projection to γ1 equals γ1([−T, T ]), where

log 1
θ
⩽ T ⩽ log 1

θ
+ T0.

Proof. We may parametrize γ1 and γ2 with unit speed so that they intersect at γ1(0) = γ2(0).
Let γ1(s) be the nearest point projection of γ2(t) to γ1. Up to reversing the parametrization
for γ1 we may assume that s ⩾ 0 whenever t ⩾ 0. Then the three points γ1(0), γ2(t) and
γ1(s) form a right angled triangle, with right angle at γ1(s) and hypotenuse of length t. This
is illustrated in Figure 24.

γ1

γ2

γ1(0) = γ2(0)

γ2(t)

γ1(s)

θ

Figure 24: The nearest point projection from one leaf to an intersecting leaf.

For right angled triangles in H2, we have

cos θ =
tanh s

tanh t
.

We will take the limit as t tends to infinity, so we may replace tanh(t) by one. We will use
the elementary bounds that for 0 ⩽ x ⩽ π/2, 1− x2/2 ⩽ cosx ⩽ 1− x2/4. This gives

1− 1
2
θ2 ⩽ tanh s ⩽ 1− 1

4
θ2.

Using the formula for tanh−1(x) = 1
2
log 1+x

1−x
, we get

1
2
log

2− 1
2
θ2

1
2
θ2

⩽ s ⩽ 1
2
log

2− 1
4
θ2

1
4
θ2

.

1
2
log

4

θ2
− 1 ⩽ s ⩽ 1

2
log

2
1
4
θ2
.

1
2
log

3

θ2
⩽ s ⩽ 1

2
log

8

θ2
.

log 1
θ
+ 1

2
log 3 ⩽ s ⩽ log 1

θ
+ 1

2
log 8.

As the constant on the left is positive, we can choose T0 =
1
2
log 8 ⩽ 2.
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Appendix B Distance bounds in PSL(2,R)
The fellow traveling results in this section are standard, but we give detailed proofs for the
convenience of the reader. All constants in this section depend only on the geometry of
PSL(2,R), and in particular do not depend on a choice of hyperbolic surface Sh or the suited
pair of laminations Λ.

We abuse notation by using the same notation for geodesics in H2 and their lifts in
PSL(2,R).

For t reasonably large, distances in H2 give reasonable bounds on distances in PSL(2,R).
However, they are not precise enough for our purposes close to t = 0. For small t we use
the fact that the left invariant metric is bilipschitz to the corresponding matrix norm on
PSL(2,R).

Proposition 96. There are constants θ0 > 0, L ⩾ 1 and K ⩽ log L
θ0
, such that for any two

geodesics γ1 and γ2 in H2

• whose lifts in PSL(2,R) are distance θ ⩽ θ0 apart, and

• the lift γ1(0) has unit speed parametrization such that γ1(0) is the closest point to γ2,

then for all |t| ⩽ log 1
θ
−K,

1
L
θe|t| ⩽ dPSL(2,R)(γ

1
1(t), γ

1
2) ⩽ Lθe|t|.

In particular, γ1(t) lies within a θ0-neighborhood of γ2 for a symmetric interval of length at
least 2(log 1

θ
−K) centered at t = 0.

We will use the fact that there is a neighborhood U of the identity matrix in PSL(2,R)
such that any left invariant metric is bilipschitz to the metric arising from any matrix norm,
see for example [EW11, Lemma 9.12], where this is shown for any Lie group. In fact, this
holds as long as U is the image of a bounded neighborhood V of the zero matrix in the Lie
algebra sl(2,R) on which the exponential map is injective.

Proposition 97 ([EW11, Lemma 9.12]). There is a constant θ0 > 0 such that for any matrix
norm ∥A∥, and any left invariant metric dPSL(2,R)(A,B) on PSL(2,R), there is a constant
L0 > 0 such that for any matrix A ∈ PSL(2,R), with dPSL(2,R)(I, A) ⩽ θ0,

1
L0

∥I − A∥ ⩽ dPSL(2,R)(I, A) ⩽ L0 ∥I − A∥ .

We shall use the matrix norm determined by the Frobenius or Hilbert-Schmidt inner
product ⟨A,B⟩ = 2tr(ATB) on 2× 2 matrices. The scaling factor of 2 is chosen so that the
following basis for sl(2,R) is orthonormal,

{A1, A2, A3} =

{[
1
2

0
0 −1

2

]
,

[
0 1

2
1
2

0

]
,

[
0 −1

2
1
2

0

]}
.
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We will make use of the following standard forms for a pair of geodesics in H2. Let α and
β be oriented geodesics. Then there is an oriented geodesic γ whose positive limit point is
the same as the positive limit point of α, and whose negative limit point is the same as the
negative limit point for β. Up to the action of PSL(2,R), we may assume that γ is given by

γ(t) =

[
et/2 0
0 e−t/2

]
.

All geodesics with the same positive limit point are known as the stable manifold for γ
and are given by

αs(t) =

[
1 s
0 1

]
γ(t).

Similarly, all geodesics with the same negative limit point as γ, known as the unstable
manifold for γ, are given by

βs′(t) =

[
1 0
s′ 1

]
γ(t).

Given geodesics α and β, we can, by a reflection if required and a translation of the
parametrization of γ, arrange that in the standard form α = αs with s > 0 and β = βs′ with
s′ = ±s.

Proposition 98. For a+ b ⩽ θ0/L0

√
2,

√
2

L0

√
a2 + b2 ⩽ dPSL(2,R)

([
1 a
0 1

]
,

[
1 0
b 1

])
⩽ L0

√
2(a+ b)

Proof. Note that

[
1 a
0 1

]
= eUa, where U =

[
0 1
0 0

]
. In our chosen orthonormal basis for

sl(2,R), the length of the matrix U is
√
2. Since L0

∥∥I − eUa
∥∥ = L0 ∥Ua∥ = L0

√
2a ⩽ θ0,

we may use the upper bound in Proposition 97 to obtain that the distance of eUa from
the identity matrix is at most L0

√
2a. The required upper bound follows directly from the

triangle inequality.

For the lower bound, we may again use Proposition 97 to obtain

dPSL(2,R)

([
1 a
0 1

]
,

[
1 0
b 1

])
⩾ 1

L0

∥∥∥∥I − [
1 −a
0 1

] [
1 0
b 1

]∥∥∥∥ ⩾ 1
L0

∥∥∥∥[ab a
−b 0

]∥∥∥∥
⩾

√
2

L0

√
a2b2 + a2 + b2 ⩾

√
2

L0

√
a2 + b2,

as required.

Proposition 99. For s such that 2s ⩽ θ0/L0

√
2, the distance θ between the geodesics αs

and βs satisfies
2
L0
s ⩽ θ ⩽ L02

√
2s.
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Proof. Since an upper bound may be obtained by picking any two points, we have

dPSL(2,R)(αs, βs) ⩽ dPSL(2,R)(αs(0), βs(0)).

By the previous proposition, dPSL(2,R)(αs(0), βs(0)) ⩽ L02
√
2s.

We now obtain a lower bound. By definition,

θ = inf
t,t′

dPSL(2,R)(αs(t), βs(t
′)).

and moreover the right hand side will be infimized over small values of t and t′. In particular,
we may use the lower bounds from Proposition 97, to obtain

θ ⩾ inf
t,t′

1
L0

∥∥∥∥∥I −
[
et/2 se−t/2

0 e−t/2

]−1 [
et

′/2 0
set

′/2 e−t′/2

]∥∥∥∥∥ .
Combining the matrix terms gives

θ ⩾ 1
L0

inf
t,t′

∥∥∥∥[1− (1 + s2)e(t
′−t)/2 −se−(t+t′)/2

−se(t+t′)/2 1− e(t−t′)/2

]∥∥∥∥ .
The matrix norm is the sum of the squares of the entries. So we may use the sum of the

squares of the off-diagonal entries as a lower bound. We obtain

θ ⩾
√
2

L0
inf
t,t′

√
s2e−(t+t′) + s2et+t′

which is minimized when t+ t′ = 0, so

θ ⩾ 2
L0
s,

as required.

Proposition 100. There are constants θ0 > 0 and L0 ⩾ 0 and K = log 2L0

θ0
, such that for any

two distinct geodesics α and β distance θ ⩽ θ0 apart, there are unit speed parametrizations
α(t) and β(t) such that for |t| ⩽ log 1

θ
−K,

1
2L2

0
θe|t| ⩽ dPSL(2,R)(α

1(t), β1(t)) ⩽
√
2L2

0θe
|t|.

Proof. Up to the PSL(2,R) action, we may assume that α and β have the standard forms
α = αs(t) and β = βs(t), defined above. Since the distance is left invariant, we have

dPSL(2,R)(α
1
s(t), β

1
s (t)) = dPSL(2,R)(γ

1(−t)α1
s(t), γ

1(−t)β1
s (t))

Note that γ1(−t)α1
s(t) =

[
1 se−t

0 1

]
and γ1(−t)β1

s (t) =

[
1 0

±set 1

]
. For the small values of t

stated in the hypothesis, we use the bounds from Proposition 98 to obtain
√
2

L0
se|t| ⩽ dPSL(2,R)(α

1(t), β1(t)) ⩽ L02
√
2se|t|
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By Proposition 99, we obtain from above

1
2L2

0
θe|t| ⩽ dPSL(2,R)(α

1(t), β1(t)) ⩽
√
2L2

0θe
|t|

as required.

We have obtained bounds on the distance from γ1
1(t) to γ1

2(t). We wish to show that this
gives bounds on the distance from γ1

1(t) to γ1
2 . The upper bound is immediate. We start by

showing a lower bound that holds in a general geodesic metric space.

Proposition 101. Suppose that (X, d) is a geodesic metric space. Suppose that γ1 and γ2
are geodesics distance θ apart with unit speed parametrizations chosen such that γ1(0) and
γ2(0) are closest points between γ1 and γ2. Then for all t,

dX(γ1(t), γ2) ⩾ 1
2
(dX(γ1(t), γ2(t))− θ) .

Proof. Suppose that the point of γ2 closest to γ1(t) is γ2(r), and suppose that it lies distance
s from γ1(t). We have illustrated this in Figure 25.

γ1

γ2

γ1(0)

γ2(0)

γ1(t)

γ2(t)

θ

d

γ2(r)

s

Figure 25: A lower bound for the distance from γ1(t) to γ2.

Applying the triangle inequality to the path from γ1(0) to γ1(t) via γ2(0) and γ2(r), gives

t ⩽ θ + r + s.

Similarly, applying the triangle inequality to the path from γ1(t) to γ2(t) via γ2(r), gives

d ⩽ s+ t− r.

Adding these two inequalities gives d ⩽ θ + 2s, equivalently, s ⩾ 1
2
(d− θ), as required.

We now complete the proof of Proposition 96.

Proof of Proposition 96. By Proposition 100 there is a constant L ⩾ 1 such that for any
geodesics γ1 and γ2, distance θ ⩽ θ0 apart, with unit speed parametrizations γ1(t) and γ2(t),
such that the distance between γ1

1(0) and γ1
2(0) is equal to θ,

1
L
θet ⩽ d = dPSL(2,R)(γ

1
1(t), γ

1
2(t)) ⩽ Lθet.
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We now show the following estimate for the distance from γ1(t) to γ2.

1
4L
θet ⩽ dPSL(2,R)(γ

1
1(t), γ

1
2) ⩽ Lθet. (27)

Since the distance from γ1
1(t) to γ1

2(t) is an upper bound for the distance from γ1
1(t) to

γ1
2 , the upper bound follows immediately. For the lower bound, Proposition 101 implies that

dPSL(2,R)(γ
1
1(t), γ

1
2) ⩾ 1

2
(d− θ). For d ⩾ 2θ, we obtain dPSL(2,R)(γ

1
1(t), γ

1
2) ⩾ 1

4
d ⩾ 1

4L
θet.

If d ⩽ 2θ instead, then t ⩽ log 8L. In this case, 1
4L
θet ⩽ θ

2
. Since dPSL(2,R)(γ

1
1(t), γ

1
2) ⩾

dPSL(2,R)(γ
1
1 , γ

1
2) = θ, the lower bound holds trivially.

The estimate for dPSL(2,R)(γ
1
1(t), γ

1
2) in (27) is valid as long as the bilipschitz bounds

hold in a small neighborhood of the identity in PSL(2,R), i.e. as long as d ⩽ θ0, and this
holds as long as t ⩽ log 1

θ
+ log θ0

L
. Therefore we may choose K = − log θ0

L
, which is non-

negative as θ0 ⩽ 1 and L ⩾ 1. Furthermore, this choice of K implies that γ1
1(t) lies within a

θ0-neighborhood of γ1
2 for an interval of size at least 2(log 1

θ
−K), as required.

Consider the map p : PSL(2,R) → H2 given by applying the matrix A to i in the upper
half space as a Möbius transformation, i.e.

p : A =

[
a b
c d

]
7→ ai+ b

ci+ d
.

Recalling our basis for the Lie algebra, note that

etA1 =

[
et/2 0
0 e−t/2

]
,

and so p(etA1) = eti, which is a unit speed geodesic in the upper half space. Similarly p(etA2)
is the unit speed geodesic obtained by rotating the geodesic for etA1 by π/2 clockwise, and
etA3 gives a rotation about i. Thus, the derivative at I of the map p : PSL(2,R) → H2 is
given by the projection matrix [

1 0 0
0 1 0

]
,

where we use the basis {i, 1} for the tangent space to i in the upper half space. As the
map is equivariant, it is distance non-increasing, and so distances in H2 are lower bounds for
distances in PSL(2,R). Since the kernel of the map is the compact subgroup SO(2) ∼= S1,
which has diameter π/2, we get

dH2(p(A), p(B)) ⩽ dPSL(2,R)(A,B) ⩽ dH2(p(A), p(B)) + π. (28)

We may now complete the proof of Proposition 8 by combining the large t estimates from
distances in H2 with the small t estimates from Proposition 96.

Proof of Proposition 8. For small values of t, we have the bounds from Proposition 96, i.e.
there are constants θ0, L and K = log L

θ0
such that for θ ⩽ θ0 and |t| ⩽ log 1

θ
−K,

1
L
θet ⩽ dPSL(2,R)(γ

1
1(t), γ

1
2) ⩽ Lθet.
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We now use the distance estimates inH2 to extend these bounds to |t| ⩽ log 1
θ
. Using (28),

and the distance bounds from Proposition 94 and Proposition 95, we obtain the following
bounds for distances in PSL(2,R).

1
8
(et − 1) ⩽ dPSL(2,R)(γ

1
1(t), γ

1
2) ⩽

3
2
θet + π.

So for t ∈ [log 1
θ
− 9, log 1

θ
],

1
M
θet ⩽ dPSL(2,R)(γ

1
1(t), γ

1
2) ⩽ Mθet,

for M = 3
2
+ πe9 ⩽ 105.

We can now choose the constant L0 in the statement of Proposition 8 to be the maximum
of M and L from Proposition 96.
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